Eric Clarkson

Vol. 19, No. 10/October 2002/J. Opt. Soc. Am. A 1963

Bounds on the area under the receiver operating
characteristic curve for the ideal observer

Eric Clarkson

Department of Radiology and Optical Sciences Center, University of Arizona, Tucson, Arizona 85724-5067

Received February 13, 2002; revised manuscript received April 23, 2002; accepted May 7, 2002

A new upper bound is derived on the area under the receiver operating characteristic curve for the ideal ob-
server in a signal-detection task. This upper bound is determined by the values of the likelihood-generating

function and its second derivative at the origin.

This bound is compared with other bounds on ideal-observer

performance that have been derived recently, and it is also shown how this bound leads to some asymptotic
results for approximations to ideal-observer performance. © 2002 Optical Society of America

OCIS codes: 110.3000, 110.4280, 110.5010.

1. INTRODUCTION

The receiver operating characteristic (ROC) curve is often
used to quantify the performance of an observer on a
signal-detection task. The area under the ROC curve
(AUQC) is a scalar that can be computed or estimated from
ROC data and used as a figure of merit for observer per-
formance on the task in question. Given a task and a
statistical model of the data, the ideal observer computes
a statistic called the likelihood ratio and compares it with
a threshold in order to decide whether the signal is
present or absent. The AUC of the ideal observer is
greater than or equal to the AUC for any other observer
for a given detection task and therefore can be used as a
measure of the quality of the data for the task. This in
turn implies that the ideal-observer AUC can be used as a
figure of merit for the imaging system that generates the
data.

Unfortunately, the AUC for the ideal observer can be
difficult to compute for realistic imaging system models
and detection tasks. There has been some interest re-
cently in finding upper and lower bounds for the ideal-
observer AUC, or other figures of merit derived from the
ROC curve, in terms of quantities that may be easier to
compute.l™ Some of these bounds will be summarized,
and then a new upper bound on the ideal-observer AUC
will be derived. These upper and lower bounds will be
compared in two examples where the ideal-observer AUC
is known exactly, and they will also be compared with an
approximation for the ideal-observer AUC that is given in
Ref. 5. Finally, it will be shown how the new upper
bound leads to some asymptotic results on the ideal-
observer AUC when the data are independent and identi-
cally distributed.

2. IDEAL-OBSERVER AREA UNDER THE
CURVE

The ideal observer takes the data vector g and computes
the likelihood ratio

pr(g|H,)

= — (1)
g pr(g|H,)
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The numerator is the probability density for the data un-
der the signal-present hypothesis, and the denominator is
the density for the signal-absent hypothesis. This statis-
tic is compared with a threshold A, and the signal is de-
clared to be present if A(g) > A,; otherwise, it is de-
clared to be absent.

The ROC curve for the ideal observer is a plot of the
true-positive fraction (TPF)

%

TPF(Ao) = f pr(A[H;)dA (2)
Ao
versus the false-positive fraction (FPF)
FPF(Ao) = J pr(A|Hg)dA 3
1\0

as the threshold is varied from 0 to . This curve starts
at the point (1, 1) and ends at (0, 0). It lies above the
ROC curve for any other test statistic for the given detec-
tion task. The AUC for the ideal observer is given by sev-
eral equivalent expressions, some of which are given be-
low:

1
AUC, = f TPFd(FPF)
0

= JwTPF(A)pr(MHO)dA
0

ffpr(A’|H1)pr(A\H0)dA'dA
0 A

o A
1—f f pr(A’|Hy)pr(A|Hg)dA'dA.  (4)
0 Jo

We will use the last expression in this list to derive the
new upper bound on AUC, .

The moment-generating function for A under the hy-
pothesis H is given by

Mo(B) = fo APpr(AlHo)dA = (AP),. (5)
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If this function is known, then the statistics of the likeli-
hood ratio are completely determined, and hence AUC,
may be calculated. This follows from the relation

B pr(A|H,)

= (6)
pr(A[H)

which implies that the density function in the numerator
is determined by the one in the denominator. There are,
in fact, explicit integral expressions for AUC, in terms of
My(B).>5 The function M,(B) satisfies M(0) = My(1)
= 1. This motivates the definition of the likelihood-
generating function G(B) given by

My(B) = exp[B(B — 1)G(B — 3)]. )

This function, too, completely determines the statistics of
A under both hypotheses.® The value of this function at
the origin is given directly by

At
G(0) = —41n MO(E)

~41n f w[pr(AlHﬂpr(A|Ho)]1’2dA}
0

—41n JO [pr(ng)pr(ngo)]l’zdg}

= —4dp, (8)

where dp is the Bhattacharyya distance between the two
densities. This number seems to have some significance
for estimating AUC, . It will appear in the bounds that
we discuss below and can also be used in the approxima-
tion

2(1 — AUC,) ~ 1 — erf{[3G(0)]"%}, 9)

which has proved to be accurate in most of the cases ex-
amined so far.>® This is called the SNR,, approxima-
tion in analogy with the familiar approximation

2(1 — AUCy) ~ 1 — erf[1SNR;], (10)

which is often used to relate AUCy to the ordinary signal-
to-noise (SNR) ratio for an arbitrary test statistic 7. By
this analogy, the quantity [2G(0)]"2 is called SNRg o).
One of the motivations for this work is to find quantita-
tive expressions for the accuracy of the SNR (o) approxi-
mation.

A. Known Bounds on AUC,
It will be convenient to state our results and those of oth-
ers in terms of the quantity D, defined by

D, = —In[2(1 — AUC,)]. (11)

We have 0 < D, < «, and D, is a monotonically increas-
ing function of AUC, . It was shown elsewhere® that

16(0)<D,. (12)

If P, is the probability of error under equally likely hy-
potheses, then

Eric Clarkson

min{FPF(Ao) + FNF(Ao)} = 1 + FPF(1) — TPF(1)
0

= 2P, (13)

(where FNF is the false-negative fraction). The quantity
on the left is the minimum total error rate. Shapiro used
the inequalities

1 - {1 — exp[~3G(0)]}'? < 2P, < exp[—1G(0)]
(14)

and
-In(2P,) < D, < —2In(2P,) (15)

to derive

1G(0) < Ay < G(0) + 2In(1 + {1 — exp[—3G(0)]}"?).
(16)

Notice that the lower bound on AUC, is not an improve-
ment over relation (12), although Shapiro did show that
the lower bound in relation (15) can be.

If we set

w(B) =logMo(B) = B(B— LGB — 3), (A7)

then bounds derived by Burnashev? for the minimum to-
tal error rate may be written as

w(B) + (3 — Br'(B) — L' (B)? + w'(B)]V2
< In(2P,) < un(B) (18)

for 0 < B < 1. By using relation (15) and setting B
= 1/2, we can get

iG(0) <D,
< $G(0) + {2G(0) + F[G'(0)]? — $G"(0)}V?
(19)

B. New Upper Bound for AUC,

We can improve on this last upper bound by doing a little
more work. From the definition of AUC, we can show
that

2(1 — AUC,) =J J min(Aq,Aq)pr(A|Hy)
0Jo

X pr(A2|H0)dA1dA2 (20)

i
In| —
Ay

X pr(Aq1|Ho)pr(Ag|Hg)dA dA,.

and

© o 1
2(1 — AUC,) = f f exp| ——
0o Jo 2

}(AlAZWZ

(21

We can see that the second expression follows from the
first by noting that

1

Ay
In| —

exp }(/\11\2)1’2 = min(A;,As). (22)

To prove the first [Eq. (20)] we have
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fjmin(A1,A2)pr(A1|H0)pr(A2|H0)dA1dA2
0o Jo

% Ay
= f f A1pr(Aq|Hg)pr(Ag|Hg)dAdA,

0o Jo

+ j f\ Agpr(Ay|Ho)pr(Ag|Hg)dAdA,

0 Ay

% Ay
= f J A1PT(A1|H0)P1“(A2|H0)d/\1d/\2

0o Jo

o A1
+ f f A2pr(A1|H0)pr(A2|H0)dA2dA1
0Jo

© (FAq
QJ f Aopr(Aq|Ho)pr(Ag|Hg)dAydA,
0 Jo

w (A
2f f pr(A1|Ho)pr(Ay|H)dAgdA
0o Jo

= 2(1 — AUC,). (23)

It is interesting to note that we can also use Eq. (20) to
show that

2(1 — AUC,) = fm[FPF(A)]ZdA, (24)
0

but we will not be using this particular expression below.®
Now we can follow a derivation similar to Burnashev’s
to get

—u(B) — w1 = B)

<D, < —2u(B) — (1 - 2B)u'(B) + 5[2u"(B)]
(25)

for0 < B=<1. At B = % this gives

G(0) <D, < 3G(0) + [G(0) — £G"(0)]"2. (26)

D=

Notice that the lower bound here is the same as in rela-
tion (12) and that the quantity under the square root is
less than half of the corresponding quantity in relation
(19). These bounds are therefore tighter than those in
relation (19).

Here is the derivation. Let

A Aﬁpr(A|H0) @7

and note that this is a nonnegative function that inte-
grates to 1. The function pgz(A) may therefore be re-
garded as a probability density on A. Expectations with
respect to this density will be indicated by the subscript 8
on angle brackets.

The following expression is equivalent to Eq. (21):
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sl

X AY27 AY* P (A1)p s(Ag)dA 1dA,
Ay
In A_ A%/Z*GA%/Z*B
1 a,p
(28)

Now we use the fact that for any random variable x,
In(x) = (Inx) (Jensen inequality) and (x)? < (x2)
(Schwarz inequality) to get a lower bound for the loga-
rithm of the left-hand side of Eq. (28):

In[2(1 — AUC,)]
=)
In| —
Ay wp

—— al|lnA, +({|=— B|InA,
2 wp 2 wp

wf), )

2(1 — AUC,)
1
2

:MO(a)MO(B)J J exp
0 Jo

1
2

= Mo(a)Mo(B)< exp

1
= pla) + u(p) — <—

2
a
1
= p(a) + u(p) — 2
< ! )1A> < ! )1A>
2 B 2 B
(29)

We can evaluate each of the terms appearing in the last
line. They are given by

(53— @InA),p= (3 — @)u'(a), (30)
(53— BInAg), 5= (3 — Bu'(B), (31)

and
(InA" = InA)2), 5= p"(a) + [p' ()] = 2u" (@)u'(B)
+ uw"(B) + 1 (B2 (32)

(Note that w'(B) is the derivative of w(B) and u”"(B) is the
second derivative.) Using these relations and setting «
= B leads to

In[2(1 — AUC,)] = 2u(B) + (1 — 2B)u'(B)
- 3[2u"(B)]1V2 (33)

If we set B = %, then the first-derivative term vanishes,
and we have

In[2(1 — AUC)] = 2u(3) — 5[2u"(3)]1Y2
In terms of G(0) this is
In[2(1 — AUC,)] = —5G(0) — 3[4G(0) — 5G"(0)]*2.
(34)

To get the other side of relation (26) is easier. In fact, it
has already been proved by other techniques in Ref. 5.
Here we will start with Eq. (20) and make use of the re-
striction 0 < g8 < 1:
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2(1 — AUC,)

w (o
= f f min
o Jo

o (o=l A\ P
< f f (—) Agpr(A4|Ho)pr(Aq|Hy)dAdA,
0o Jo \Ag

1
_’1
2

A
A\ AzPI‘(A1|H0)P1“(A2|Ho)dA1dA2

= My(B)My(1 - B). (35)

By taking logarithms we have
In[2(1 — AUC,)] = p(B) + u(1 = B). (36)

Setting B = 1/2 finally leads to

In[2(1 — AUC,)] = 2u(}) = —2G(0). (37

3. EXAMPLE 1. INDEPENDENT
EXPONENTIAL

A simplistic model for speckle noise is that the compo-
nents of g are independent, exponentially distributed ran-
dom variables. This would correspond to small, widely
spaced detectors viewing a speckle pattern. A more real-
istic model would try to incorporate correlations among
the components of g, but that complication will not be
considered here. If the signal changes the mean data
vector from b to b + s, then

M
1 gm
pr(glH,) = [] b—eXp< —b—), (38)
m=1 Yy m
M

pr(g|Hy) = H

m=1 bm + s,

1 &m
€ .
P b, t Sn

(39)

We are assuming that b and s are vectors with positive
components. If the signal had a component that was
zero, then the corresponding detector would not contrib-
ute anything to the likelihood ratio. This means that M
represents the number of detectors that are influenced by
the signal. This assumption about the background and
signal will also be made in the second example below. If
we introduce the normalized quantities «,, = b,,(b,,
+ s,,) ' and y,, = 5,,(b,, + s,,) "', then the moment-
generating function for N when the signal is absent is

M B

am
Myp) = 1

S (40)
m=11—= vuB

To investigate the relation between the bounds given
above and the actual values for AUC,, we consider the
case where s,, = s and b,, = b for all m. If we let &
= s/b, then the exact value for AUC, is given by®

1+ s\MM ! k

2+ 56

1
2+ 56

(M +k — 1)
= RNM - 1)

AUC AT

(41)

The SNRg (9, approximation is given by
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Fig. 1. Exact D,, approximate D, from relation (9), upper
bound from relation (16), and both bounds from relation (26) ver-
sus the contrast parameter & for independent exponential noise
with a flat background (M = 5).

M_[(2+ 8]
2(1 — AUC,) =~ 1 — erf |[{ —In| ——— .
2 |4(1+ 9
(42)
The bounds in relation (26) for this example are
M (2 + 5)2 M (2 + 5)2 5(2M)1/2
—Injl——| <D, < —In ,
2 4(1 + o) 2 " 4(1 + 6 2+ 6
(43)
and the upper bound in relation (16) is given by
(2 + 6)2
Dy<MIln———
4(1 + 9)
4(1 + 5) M/2\ 1/2
+2In(l+y1 - |— ) (44)
(2 + 96

These bounds together with the exact and the approxi-
mate values for AUC, are shown in Fig. 1 as functions of
é.

If we try to get a better bound by minimizing the right-
hand side of relation (25) with respect to B, we find that
the minimum occurs at

B 1 1 1/2
ﬁ‘%[“(m) |

For large M this number is very close to 1/2, and therefore
we would not expect to gain much from this attempt.
Similarly, if we try to maximize the left-hand side in re-
lation (25), we find that it occurs at g = 1/2.

(45)

4. EXAMPLE 2. POISSON

Poisson statistics are important in imaging problems
where the number of photons collected is relatively small.
If the signal changes the mean from b to b + s, then

M
exp[gm 10g(bm) - bm]
11 :

P (46)
m=1 m*

pr(glH,) =

Y expl g 10g(by, + 5,) = by — Sl
pr(g|H2) = H Y .
m=1 gm‘

47
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The moment-generating function for A under the signal-
absent hypothesis is

M
i o] %o
m=1
(48)
with «,, = (b,, + §,,)b,,}.

If we again examine the case where b,, = b and s,
= s for all m, we find that the exact AUC, is given by®
i (Mb )k +lKl
k=0 [=0 (1 + 5kl)k'l'

k
AUC, = 1 — exp[—Mb(1 + «)]

(49)

(Note that &;; is the Kronecker delta symbol in this ex-
pression.) The SNRg(y) approximation is given by

2(1 — AUC,) ~ 1 — erf [(Mb)"(\/k — 1)].  (50)

The bounds from relation (26) are now

In «
Mb(\Jk — 1)2 < D Mb(\k — 1)2 + 7(2Mb\/;)1/2,

(51)
and the upper bound in relation (16) is
D, < 2Mb(\k — 1)
+2In(1 + {1 — exp[—Mb(Vk — 1)2]}12).
(52)

These bounds, together with the exact and approximate
AUC, are shown in Fig. 2 as functions of « and in Fig. 3
as functions of Mb.

The minimum value of the right-hand side of relation
(25) as a function of 8 occurs at the number B that satis-
fies

(1 - QB)KB/ZZ —_—. (53)
2(2Mb)?
1.4 T
— Exact o
4} |~ LowerBound ‘ PR
i ~ = New Upper Bound -
““““ Approximate P
== Shapiro R
1r - 4
Rd td 4
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L e
e
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Fig. 2. Exact D,, approximate D, from relation (9), upper

bound from relation (16), and both bounds from relation (26) ver-
sus the contrast parameter « for independent Poisson noise with
a flat background (Mb = 1.5).
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Fig. 3. Exact D,, approximate D, from relation (9), upper

bound from relation (16), and both bounds from relation (26) ver-
sus total mean photon count Mb for independent Poisson noise
with a flat background (x = 1.2).

Again we find that for large M, this number is close to 1/2.
In fact, an approximation for large M is given by

1 1
B~ —|1—- ———|. (54)
g 2{ 2(2Mb\/;)1/2}

As in Example 1, there is not much to gain in the upper
bound by using this value instead of 1/2 for 8. The maxi-
mum value of the left-hand side of relation (25) is at
B = 1/2 for this example also.

5. ASYMPTOTIC RESULTS

In general, the minimization of the upper bound in rela-
tion (25) leads to the equation

(1 = 2B)[21"(B)]** = w"(B). (55)

When A is the product of M independent, identically dis-
tributed random variables, as it is when the data are in-
dependent and identically distributed, then w(RB)
= Mu,(B), where u(B) is the logarithm of the moment-
generating function for the case M = 1. This is the case
for the two examples given above. The equation for 3 is
now

_ _ 1 _
(1= 2B)[2u1(B)? = —=ui(B). (56)
M
This shows that B will always be close to 1/2 in this situ-
ation when M is large.
We also have G(B) = MG(B8), which gives

DA P) [ 1 1/2
1< ——— <1+ ———G4(0) - =G} (0)
5 MG1(0) G (0)\M 8
(57)
This in turn implies that
Dy
lim | ——| =1 (58)
M — =] 5 MG1(0)
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Notice that this result would not follow from the other
two upper bounds given above.

We may use our approximate expression for AUC, in
relation (9) to approximate D, :

D, = -In( — erf {[1G(0)]Y2). (59)
A standard inequality for the error function gives us

1 1/2

DA 2 ks
——r = —ln(—[ ~MG1(0)
1 MG, 0) MG+(0) 2 1|2
1/2
]), (60)
b/\

lim | ——| = 1. (61)
M- =| 3 MG1(0)

1
S MG1(0) + 2

which leads to the asymptotic result

Combining these two limits we then have

Dy

Dy

This result is of some interest in imaging where M is the
number of detectors and is typically a very large number.
However, the assumption that the detector outputs are in-
dependent and identically distributed can apply only if we
are trying to distinguish between flood images of different
intensities. For more realistic tasks the detector outputs
will be neither independent nor identically distributed.
A generalization of these asymptotic results to that situ-
ation would provide a useful check for ideal-observer cal-
culations. If we have a method for estimating the likeli-
hood ratio, then D, and D, can be estimated by Monte
Carlo methods. If they do not agree, then we would sus-
pect that our estimate for the likelihood ratio is not very
good.

lim = 1. (62)

M — »
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6. CONCLUSION

A new upper bound for the AUC of the ideal observer in a
signal-detection task has been found. It has also been
shown how this bound, together with a lower bound origi-
nally derived elsewhere, leads to asymptotic approxima-
tions for this AUC when the data are independent and
identically distributed. A future goal is to extend these
asymptotic results to more general situations. The
search will also continue for tighter bounds on the ideal-
observer AUC in order to constrain system optimization
problems that use this quantity as a figure of merit.
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