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Abstract: We describe how to transfer the characteristic functional
of an object model through a noisy, discrete imaging system to arrive
at the characteristic function of the images. Our method can also in-
corporate linear post-processing of the images.
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1 Introduction

In order to properly evaluate the performance of a digital imaging system on tasks such
as detection or estimation, it is desirable to have the probability density on the images
or, at least, the probability density on a set of filter outputs derived from the images
[1]. However, this is usually difficult because the imaging system maps a continuous
function to a noisy finite-dimensional image. Both the randomness in the objects being
imaged and the noise in the imaging system contribute to the stochastic nature of the
images. Even in simulations where we have analytic expressions for the full probability
densities of the objects and noise, it is exceedingly difficult to derive a corresponding
analytic expression for the probability density on the images.

In terms of characteristic functions, this problem is more tractable. For images
and other finite-dimensional random vectors, the characteristic function (CF) [2] is
the Fourier transform of the probability density function (PDF). The CF can also be
viewed as the expectation of certain complex exponential functions of the data. For
random functions like objects the probability density is a map from a Hilbert space to
the real numbers. This kind of map is usually called a functional. Just as a PDF has a
corresponding CF, this probability density functional has a corresponding characteristic
functional (CF1). We will show that if we have an analytic expression for the CF1 of the
objects, we can often derive an analytic expression for the characteristic function for
the images or any set of linear filter outputs.
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2 Method
A linear, digital imaging system can be mathematically represented by
g=Hf+n, (1)

where f is a sample object from the ensemble of functions that are being imaged, H
is the system operator which maps a continuous function to a discrete image, n is the
noise in the imaging system, the statistics of which may depend on f, and g is the
image. We assume that the mean image g for a fixed object f is given by

g="Hf. (2)
For this reason, we call g the noiseless image.

2.1 Noiseless Imaging Systems

Let us assume that we know the CFI of the object distribution
V(€)= (exp(~2mit'f)) (3)

where the function &€ represents the Fourier conjugate of the function f. For now, let us
envision a noiseless imaging system. The characteristic function of g is

U5(p) = (exp(~2rip'g)). (4)

where the <>z represents the expectation with respect to the PDF of g, and p is the
Fourier conjugate of g. By using Eq. (2), the properties of the adjoint, and standard
rules for transforming expectations, we can rewrite Eq. (4) as

Uglp) = (exp(~2mip'HF)), (5)
= (exp (—ZWi(HTp)Tf»f . (6)

By definition of the CFI of the objects, this equation is equivalent to
Vg(p) = Vs (H'p). (7)

Thus, if the CF1 of f is known, then we also know the CF of any linear mapping of f
by simply using the adjoint of the linear operator.

2.2 Noisy Imaging Systems

Thus far, we have dealt with noise-free imaging systems which are unrealistic. In order
for the methods developed in this paper to be of practical interest, we must be able to
compute the characteristic function of the image data g = g + m accounting for both
object variability and noise. Two common noise models that researchers employ are
Gaussian noise and quantum or Poisson noise.

The characteristic function for Gaussian noise with mean 0 and covariance matrix
K is known to be Gaussian shaped as well with the form

Un(p) = exp (—21°p'Kp) . (8)

Because the noise is independent of the object being imaged, we know that the PDF of g
is a convolution of the PDF of g and the PDF of n, which, using the Fourier-convolution
theorem, yields,

Vg(p) = Vs (H'p)¥n(p). (9)
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Poisson detector noise can also be incorporated into this framework. Poisson noise
is conditional upon the mean image, i.e.,

M

_ gmgm
pr(glg) = [] exp(=7.) P (10)

m=1

where g,,, denotes the mth component of the M-vector g. The probability of g can then
be obtained by marginalizing over the mean image g,

wig) = [ priglgria)dg (1)
M 7 m
— [ i@ ] ewo(-7) v dg (12)
m=1 me
By definition, the CF for g is,
Ug(p) = (exp(—2mip'g), (13)
M
= ZeXP (—%iz,omgm) pr(g) (14)
m=1
M g, 9m
= Zexp( Zﬁzz,omgm>/dgpr H exp(— o (15)

where the sum over vector g indicates a sum over all components of g from 0 to oo,

Z PSP IED (16)

91=0 g2=0 g =0

By rearranging terms in the above equation we arrive at,

g 9m

Vo(p) = [dgor@ Y I] exp (-3~ 2mipngn) 22 (17)

m-

g m=1

9m

M 00 _ .
= [agr@ [] ew(-g,) 3 2RI Z2000) 2 g

Gm =0 9m!

The sum in the above equation is a series expansion of an exponential function which
gives us

M
\Ilg(p) = /dgpr(g) H exp (_gm + eln(gm)*Qﬂ'iPm) (19)
m=1
M ‘
= [ dgpr@ [] exp (-3, + G ""). (20)
m=1

which is close to the CF of g except that the term in the exponent is not the same. We

can relate the above expression to the CF of g by defining a nonlinear operator I'(:)

which maps an M vector to another M vector using the following equation for each

component m,

—1+ exp(—2mipy,)
—2mi '

L(p)]m =
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Thus we can relate the CF of g to that of the noiseless CF of g which we previously
related to the CF of f, i.e.,

Vg(p) = U5(T(p)) = Vs(H'T(p)). (22)

In other words, because we know the CF1 for our object models, we are able to use H'
and a known nonlinear operator to determine the CF for our noisy image data.

2.3  Filter Outputs

A linear filter bank, like the imaging system itself, can be represented as a linear operator
and, thus, if one wants to know the CF for the filter outputs v =Tg = T(Hf +n), you
need only the adjoint 7. That is,

U, (w) = U (HIT(TTw)), (23)

where w is the Fourier conjugate of the filter outputs v.

Typical choices for T' could be Laguerre-Gauss channels for signal-detection tasks
[3], or wavelet filters for edge detection. We can also view g as the sinogram data from a
tomographic imaging system, and the 7" as a linear reconstruction operator. With this
latter viewpoint, we arrive at the CF for the reconstructed images.

3 Conclusions

We have shown that one can transfer the characteristic functional for the object ensem-
ble through the imaging chain of a noisy, linear, continuous-to-discrete imaging system.
The end result is the characteristic function of the image or any linear post-processed
image. Since the CF of the image contains all of the statistical information that the
PDF contains, it can, in principle, be used for statistical inference, parameter estima-
tion, signal detection, and other relevant tasks. In a future publication, we will employ
the techniques described here to determine the parameters which characterize the ran-
domness in the objects being imaged.
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