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Digital radiography systems can be thought of as continuous linear shift-invariant systems followed
by sampling. This view, along with the large number of pixels used for flat-panel systems, has
motivated much of the work which attempts to extend figures of merit developed for analog
systems, in particular noise equivalent quanta~NEQ! and detective quantum efficiency~DQE!. A
more general approach looks at the system as a continuous-to-discrete mapping and evaluates the
signal-to-noise ratio~SNR! completely from the discrete data. In this paper, we study the effect of
presampling blur on these figures of merit for a simple model that assumes that the background
fluence is constant and that the blurring of the signal is deterministic. We find that for small signals,
even in this idealized model, commonly used DQE/NEQ formulations do not accurately track the
behavior of the fully digital SNR. Using these NEQ-based figures of merit would lead to different
design decisions than using the ideal SNR. This study is meant to bring attention to the assumptions
implicitly made when using Fourier methods. ©2004 American Association of Physicists in Medi-
cine. @DOI: 10.1118/1.1631426#
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I. INTRODUCTION

Most efforts regarding the evaluation of digital radiograp
center around noise equivalent quanta~NEQ! and detective
quantum efficiency~DQE!. These figures of merit combin
the digital and continuous aspects of the imaging system1–5

They are an attempt to provide a frequency-dependent fig
of merit that can be used to optimize the hardware for
task of signal detection. These NEQ and DQE formulatio
are being used to make design decisions such as the pref
amount of presampling blur.5,6 These studies found that som
presampling blur not only reduces aliasing but may also
prove the performance of the digital detector.

In analog radiography systems with a stationary and lin
shift-invariant~LSIV! model, one can decompose the sign
to-noise~SNR! into the hardware component and an obje
component.7,8 The NEQ gives the hardware-dependent p
of SNR. Hence, by optimizing NEQ, one can optimize t
hardware without taking into account the object to be i
aged. The separation of the object and hardware parts
pends on the Fourier transform diagonalizing both the s
tem operator for a LSIV system and the autocovaria
function for a wide-sense stationary~WSS! random process
In digital radiography there is no such transformation sin
the object being imaged is continuous and the data are
crete and finite.

The lack of a single transformation that diagonalizes b
the deterministic and stochastic descriptions of the sys
leads to different formulations for NEQ and DQE. Using
large number of pixels as a surrogate for a continuous re
sentation of the data, one can compute quantities analo
to the noise power spectrum~NPS! and the modulation trans
fer function~MTF!. The purpose of this paper is to compa
commonly used formulations of NEQ and DQE to the ide
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SNR ~from a detection-theoretic view!. In particular, we
draw attention to the assumptions implicitly made when
ing Fourier methods. To this end, we use a simplified mo
that assumes a flat background and deterministic blurring
the accompanying paper,9 we study the effects of a finite
number of secondaries, nonuniform x-ray fluence, and a
tomical variation.

II. CONTINUOUS-TO-DISCRETE MODEL

We consider a one-dimensional~1D! linear digital radiog-
raphy system with deterministic blurring. This imaging sy
tem maps the incoming x-ray Poisson point processu(x) to a
finite data vectorg. The incoming x-ray point processu(x) is
given by

u~x!5(
j 51

J

d~x2xj !, ~1!

whereJ is the Poisson-distributed number of x rays and$xj%
are the locations of the randomly distributed x rays with
fluence of f (x), i.e., ^u(x)&5 f (x). In the absence of elec
tronic noise, the imaging system can be written as

gm5(
j 51

J

hm~xj !5E
2`

`

hm~x! f ~x!dx1nm , ~2!

wheregm is the measurement at themth pixel, hm(x) is the
sensitivity function of themth pixel, and the noise at eac
pixel, nm , is defined by

nm[gm2E
2`

`

hm~x! f ~x!dx. ~3!
348„2…Õ348Õ11Õ$22.00 © 2004 Am. Assoc. Phys. Med.



e

r
-t
re

n
hi
th

p
i

e
m

he

et

is
an

nc

tr

-

int
that
dis-

the
d

nd
-
al-

ata
sian
n:

rite-
ive
.
ting
o

o-

r a

349 A. R. Pineda and H. H. Barrett: Flat background and deterministic blurring 349
Written in vector form, Eq.~2! becomesg5@Hcdf#1n,
whereHcd is the continuous-to-discrete operator which giv
the noise-free measurement

ḡm5@Hcdf #m5E
2`

`

hm~x! f ~x!dx. ~4!

For the purpose of presenting the various figures of me
we write the continuous-to-discrete map as a continuous
continuous map followed by point sampling. Furthermo
we consider a shift-invariant continuous~presampling! map,

gps~x!5(
j 51

J

h~x2x8!5E
2`

`

h~x2x8! f ~x8!dx81nps~x!,

~5!

wheregps(x) is the presampling data random process,h(x
2x8) is the kernel of the continuous-to-continuous map,

@Hccf #~x!5E
2`

`

h~x2x8! f ~x8!dx8, ~6!

andnps is defined as in the continuous-to-discrete case:

nps~x![gps~x!2E
2`

`

h~x2x8! f ~x8!dx8. ~7!

The data before sampling is a sum of sensitivity functio
whose locations are uniformly random. The statistics of t
random process will depend on the number of x rays and
shape of the sensitivity functions.10 As is customary in the
literature connecting DQE with signal detectability,7,11,12we
model the data before sampling as a Gaussian random
cess. This model is justified by the central limit theorem
the mean number of photons per pixel is reasonably larg

The continuous-to-discrete map is obtained by point sa
pling and adding electronic noisenelec,

gm5E
2`

`

d~xm2x!gps~x!dx1@nelec#m

5gps~xm!1@nelec#m . ~8!

To simplify the notation and our computations, we let t
unit of distance be the pixel pitch (xm5m pixels). With re-
spect to our original description of the continuous-to-discr
mapping we havehm(x)5h(m2x), and nm5nps(m)
1@nelec#m .

In this paper, we let the incoming background x-ray Po
son processu(x) have a constant fluence. Given a const
fluence,̂ u(x)&5b0 , the autocorrelation ofu(x) is given by

^~u~x!2b0!~u~x8!2b0!&5b0d~x2x8!. ~9!

We also assume the electronic noise has mean zero, is u
related across pixels, and has the same variance (sn

2) at all
pixels. Under these conditions, the data covariance ma
elements are13
Medical Physics, Vol. 31, No. 2, February 2004
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^~gm2ḡm!~gm82ḡm8!&

5E
2`

`

dx hm~x!E
2`

`

hm8~x8!b0d~x2x8!dx81sn
2dmm8

5b0E
2`

`

hm~x!hm8~x!dx1sn
2dmm8 . ~10!

In the accompanying paper,9 we consider more realistic situ
ations.

III. FIGURES OF MERIT FOR THE CONTINUOUS
MAP

We begin by considering the map from the x-ray po
process to the presampling data random process. For
imaging system, the detection task can be phrased as
criminating between the following two hypotheses:

gps,0~x!5@Hccb#~x!1nps~x! signal absent,
~11!

gps,1~x!5@Hccb#~x!1@Hccs#~x!1nps~x! signal present,

wheregps,i(x) represents the data before sampling under
i th hypothesis,b(x) is the background x-ray fluence, an
s(x) is the signal x-ray fluence.

For the following analysis, the background is fixed a
constant@b(x)5b0# and the signal is deterministic, low con
trast, and known, in other words, we consider the sign
known-exactly/background-known-exactly~SKE/BKE! de-
tection task where the signal does not affect the d
statistics. We model the data before sampling as a Gaus
random process with the following autocovariance functio

^~gps~x!2ḡps!~gps~x8!2ḡps!&5^nps~x!nps~x8!&

5kps~x,x8!. ~12!

The ideal observer chosen by the Neyman–Pearson c
rion requires that the observer maximize the true posit
fraction for any false positive fraction in a detection task14

Therefore, it optimizes the area under the receiver opera
characteristic curve~AUC!. The ideal observer according t
the Neyman–Pearson criterion is15

t ideal~gps~x!!5E
2`

`

dx@Hccs#~x!E
2`

`

dx8 kps
21~x,x8!gps~x8!,

~13!

wherekps
21(x,x8) is the kernel of the inverse of the autoc

variance operator, defined such that

E
2`

`

dx kps
21~x,x8!E

2`

`

du kps~x8,u! f ~u!5 f ~x!. ~14!

The SNR for any test statistic (t) is defined as

SNRt5
^t1&2^t0&

s~ t !
, ~15!

where^t i& is the ensemble average under thei th hypothesis
ands(t) is the standard deviation of the test statistic. Fo
Gaussian test statistic~as in this case!, the AUC for the de-
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tection task is a monotonic transformation of SNR.16 There-
fore we can use SNR to quantify the performance of the id
observer in an AUC sense.

The SNR2 of the ideal observer is given by

SNRideal
2 5E

2`

`

dx@Hccs#~x!E
2`

`

dx8 kps
21~x,x8!@Hccs#~x8!.

~16!

A shift-invariant imaging operator is diagonalized by t
Fourier transform:

F$@Hccs#~x!%5PSTF~n! S~n!, ~17!

whereF is the continuous Fourier transform,n is the fre-
quency variable, PSTF~n! is the presampling transfer func
tion, andS(n) is the Fourier transform of the signal. For
WSS random process@kg(x,x8)5kg(x2x8)#, the Fourier
transform also diagonalizes the inverse of the autocovaria
operator, so

FH E
2`

`

dx8 kps
21~x2x8!s~x8!J 5

S~n!

NPS~n!
, ~18!

where NPS~n! is the noise power~Wiener! spectrum defined
as the Fourier transform of the autocovariance function:

NPS~n!5F$kps~Dx!%. ~19!

If we represent the data using the Fourier basis,

Hs~x!5E
2`

`

dnPSTF~n!S~n! e2p ixn, ~20!

SNR2 reduces to

SNRideal
2 5E

2`

`

dn
uPSTF~n!u2

NPS~n!
uS~n!u2. ~21!

At this point we already achieved a separation of the ha
ware component from the object component in the SN2

expression. By optimizinguPSTF(n)u2/NPS(n), which can
be computed from a characterization of the hardware,
optimize the detectability of any signal. This separation
the hardware and the object of interest avoids having
object-dependent figure of merit. To present the results
manner that is standard in the community for image qua
in digital radiography, we write the signal as a fraction of t
background

s~x!5b0 s0~x!, ~22!

wheres0(x) is a fractional signal. We also phrase the trans
function in terms of the presampling MTF, PSMTF@letting
PSTF(0)5G],

uPSTF~n!u5GPSMTF~n!, ~23!

leading to the following expression for SNR2:

SNRideal
2 5E

2`

`

dn
b0

2 G2PSMTF2~n!

NPS~n!
uS0~n!u2. ~24!

Using this notation we can write NEQ1 ~in the cited text,
the notation forb0 is q̄) as
Medical Physics, Vol. 31, No. 2, February 2004
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NEQ~n!5
b0

2G2 PSMTF2~n!

NPS~n!
. ~25!

This version of NEQ has a maximum~for a quantum-limited
system! of b0 . The DQE is NEQ normalized by NEQ of
quantum limited imaging system,

DQE~n!5
NEQ~n!

b0
. ~26!

The NEQ and DQE are frequency-dependent figures
merit that do not depend on the object characteristics. If
optimizes NEQ or DQE at all frequencies, the system h
been optimized for all objects in a SKE/BKE detection ta
for a system with continuous data that is WSS and LS
These properties of NEQ and DQE made them popular
useful in analyzing continuous radiography systems.

IV. FIGURES OF MERIT FOR DIGITAL
RADIOGRAPHY

In digital radiography we have a digital detector tha
while it has a large number of pixels, still provides a discre
representation of the data. Each of the approaches to fo
will attempt to generalize the figures of merit from contin
ous radiography to this new setting.

A. The Hotelling approach

If we do not attempt to model the process that leads to
digital data, the task can be seen as discriminating betw
the following two hypotheses:17–19

g05gb1n, g15gb1gs1n, ~27!

wheregi is a finite array of measurements under thei th hy-
pothesis, andgb andgs are the components of the measur
ment arising from the background and signal, respectiv
andn is the noise. Just as in the continuous case, we pose
task as the SKE/BKE detection task with a low-contra
signal.

For data with Gaussian statistics, the ideal observer by
Neyman–Pearson criterion is the Hotelling test statistic,12,20

t ideal~g!5gs
t Kg

21g, ~28!

wheregs
t is the transpose of the signal in the data andKg

21 is
the inverse of the data covariance matrix. The SNR2 for this
test statistic is given by

SNR2~ ideal!5gs
t Kg

21 gs . ~29!

This is the discrete data analog of the SNR expression in
continuous case shown in Eq.~16!. At this point, we have
assumed that the measurements are Gaussian distribute
there are no shift-invariance or stationarity assumptions.

The signalgs depends on the location (l ) of the signal and
therefore so does SNR. To obtain an SNR that is indepen
of location, we average over signals uniformly distribut
over a pixel8

^SNR2~ ideal!& loc5E
2 1/2

1/2

dl SNR2~ ideal,l !. ~30!
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For discrete data with Gaussian statistics, the Hotell
observer is rigorously ideal by several criteria including: t
Neyman–Pearson criterion,12,14 maximizing SNRt ,20 and
maximizing the AUC for the detection task.16 For the imag-
ing situations described in this paper, a Gaussian model
scribes the data statistics well. For that reason, we label S
of the Hotelling observer as the ideal SNR. In the accom
nying paper,9 we consider situations~random backgrounds!
where the Hotelling observer is not ideal in the Neyma
Pearson sense but still maximizes SNRt and the AUC among
linear observers.

B. The DSFT approach

To present the DSFT approach,13,21 we consider the limit
of a detector with a large number of pixels. The discre
space Fourier transform~DSFT! is the continuous Fourie
transform of a sampled function. Unlike the discrete Four
transform ~DFT!, the DSFT can be evaluated for any fr
quency~u!. We define the DSFT of an infinite-dimension
data vectorg by

GDSFT~u![ (
m52`

`

gme22p imu. ~31!

For a constant background and deterministic blur, the
variance matrix is an infinite-dimensional Toeplitz matr
satisfying

@Kg#mm85b0E
2`

`

h~m2x!h~m82x!dx1sn
2dmm8

5b0E
2`

`

h~v2~m82m!!h~v !dv1sn
2dmm8

5km82m , ~32!

with

kl[b0E
2`

`

h~v2 l !h~v !dv1sn
2d l ,0 . ~33!

A key result in writing SNR2(ideal) expression using th
DSFT is that the infinite vectorC with elements$Cm

5e2p ium% is an eigenvector of the data covariance matrix

@KgC#m5 (
m852`

`

km82me2p ium85e2p ium (
l 52`

`

kl e22p iu l

5KDSFT~u!Cm . ~34!

In other words, the DSFT diagonalizes the data covaria
matrix. Using the above-shown diagonalization, one c
write the SNR2(ideal) expression for an infinite detector u
ing the DSFT of the signal in the data,13,21

gs
t Kg

21gs5E
2 1/2

1/2

du
uGs

DSFT~u!u2

KDSFT~u!
.
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To obtain a figure of merit that does not depend on the lo
tion (l ) of the signal, we average the signal location ove
pixel just as we did in the Hotelling case:

^SNR2& loc5E
2 1/2

1/2

dlE
2 1/2

1/2

du
uGs

DSFT~u; l !u2

KDSFT~u!

5E
2 1/2

1/2

du
*2 1/2

1/2 dl uGs
DSFT~u; l !u2

KDSFT~u!
, ~35!

where we made explicit the dependence ofGs
DSFT(u) on the

signal location by using the notationGs
DSFT(u; l ).

We can writeGs
DSFT(u; l ) in terms of the continuous Fou

rier transforms ofs(x) andh(x):13,21

Gs
DSFT~u; l !5 (

m52`

`

H~u1m!S~u1m!e2p iml, ~36!

leading to8,21

E
2 1/2

1/2

dl uGs
DSFT~u; l !u25 (

m52`

`

uH~u1m!u2uS~u1m!u2.

~37!

We then use the periodicity of the DSFT@KDSFT(u)
5KDSFT(u1m)# to rewrite the expression for̂SNR2& loc as

^SNR2& loc5E
2 1/2

1/2

du (
m52`

` uH~u1m!u2

KDSFT~u1m!
uS~u1m!u2

5 (
m52`

` E
m2 1/2

m1 1/2

dn
uH~n!u2

KDSFT~n!
uS~n!u2

5E
2`

`

dn
uH~n!u2

KDSFT~n!
uS~n!u2, ~38!

where the last step follows from breaking up the integ
over the entire real axis over integer intervals. Here we h
achieved the same type of separation that we saw in cont
ous radiography but with location averaging and an infin
detector. Note, however, that Eq.~38! involves two distinct
kinds of Fourier transform:H(n) is the usual Fourier inte-
gral, butKDSFT(n) is, of course, a DSFT.

C. The DFT approach

The theory behind this approach1 is based on using the
data from an infinite detector to estimategps(x):

gps~x!' (
m52`

`

gm sinc~x2m!

5 (
m52`

`

gps~m!d~x2m!* sinc~x!

1 (
m52`

`

@nelec#msinc~x2m![ĝps~x!. ~39!

This approximation is exact in the absence of electro
noise if gps(x) is band-limited below half the sampling fre
quency. The noise power spectrum is computed forĝps(x) as
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NPSĝps
~n!5FNPS~n!* (

m52`

`

d~n2m!1sn
2G rect~n!

[NPSdig~n!. ~40!

In practice, NPSdig is estimated using the variance of th
DFT coefficients of the data. The numerator in the digi
NEQ is the same as in the presampling case but restricts
frequencies to be within those that can be estimated f
sample images without aliasing. The denominator repla
the NPS from the presampling datagps with the NPS of the
estimateĝps as1

NEQdig~n![
b0

2G2 PSMTF2~n!

NPSdig~n!
. ~41!

Using this definition of NEQdig as a building block, we can
define a DQEdig ,

DQEdig~n![
NEQdig~n!

b0
. ~42!

The DFT approach for extending the formulation of NE
and DQE to digital radiography did not start from
detection-theoretic interpretation of these quantities. T
NEQdig and DQEdig were formulated as characterizations
the detector that somehow took into account the resolu
and the noise of the system. For a derivation of the circu
stances where the DFT approach coincides with
detection-theoretic interpretation, see Appendix A.

V. MODEL USED FOR SIMULATION

To compare the behavior of the different figures of me
we need to specify the details of our 1D model. The sen
tivity functions are given by the convolution of the pix
wm(x) with the presampling blur:

hm~x!5E
2`

`

blur~x2x8;sb! wm~x8!dx8. ~43!

For our simulations, we letwm(x)5rect(x2m) and

blur~x;sb!5
1

A2psb

expS 2
x2

2sb
2D , ~44!

wherex is the continuous space variable~in units of pixels!
andsb is the blur width. For a schematic of the model, s
Fig. 1.

The signals of interest will be modeled by changes in
fluence:

s~x;ss ,l ,b0!5Cs~ss ,b0!expS 2
~x2 l !2

2ss
2 D , ~45!

whereCs(ss ,b0) is given by

Cs~ss ,b0!5S b0

Apss
D 1/2

. ~46!

This normalization of the signal sets the input SNR equa
1 as in Ref. 19.
Medical Physics, Vol. 31, No. 2, February 2004
l
he
m
es

e

n
-
e

t
i-

e

o

In our simulationsl varied within the center pixel in 0.01
pixel increments,b0 was kept constant at 106 x-ray photons
per pixel, and the detector size was 256 pixels. When
refer to adding 10% electronic noise, we mean thatsn

2 is
equal to 0.1b0 . This is equivalent to adding 10% of th
variance in the case with no blurring and no electronic no
Using this model we compute all NEQ-inspired SNRs
well as the ideal-observer SNR.

VI. COMPUTATION OF THE FIGURES OF MERIT

Computation of the figures of merit will assume that w
can estimate the PSMTF and the covariance matrix from
set of sample images. While estimating these quantities
lead to errors, for the purposes of this paper we will use
exact PSMTF and covariance matrix.

System optimization requires a scalar figure of merit. F
this reason, we will restrict our comparison to the locatio
averaged versions of the SNR2 for the Hotelling and DSFT
approaches. For the DFT approach, we use NEQdig(n) to
compute a SNR2.

To create a SNR2 from NEQdig(n), we begin by comput-
ing NPSdig(n) from the data covariance matrix:

NPSdig~nm![@DKgD
†#mm5@KDFT#mm, ~47!

whereKDFT is the covariance matrix of the DFT coefficien
andD is the matrix representation of the unitary DFT:

@Dg#k5
1

AM
(

m51

M

gm e2p imk/M, ~48!

where M is the total number of pixels. Theoretically
NPSdig(n) is defined for an infinite detector.1,21 In practice, it
is estimated by averaging periodograms of finite detect
The above-given expression in terms of the variance of
DFT coefficients is equivalent to averaging an infinite nu
ber of periodograms.4

Using NPSdig we can define a SNR2 based on NEQdig by

SNR2~DFT,S0!5 (
nm52 1/2

1/22 1/M

NEQdig~nm! uS0~nm!u2. ~49!

FIG. 1. Schematic of the model used for simulation. We consider the cas
a uniform background fluence and deterministic blurring of the x rays.
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This figure of merit is not location dependent since it a
proximates SNR2 before sampling~see Appendix A!.

For the DSFT approach we approximate the DSFT
using the DFT and use the periodicity of the DSFT,

KDSFT~nm1aM!'@KDFT#mm ~50!

for any integera. Then we discretize the location-averag
SNR2 given in Eq.~38! as

SNR2~DSFT,S0!5 (
nm52`

` b0
2uH~nm!u2

KDSFT~nm!
uS0~nm!u2 ~51!

5 (
nm52`

`

NEQdig~nm! uS0~nm!u2. ~52!

In our simulations, the DFT was replicated over 20 perio
For the Hotelling approach, we can compute SNR2(ideal)

without using the continuous description of the presampl
system. To approximate the location-averaged version
SNR we use

^SNR2~ ideal!& loc5
1

NL
(
i 51

NL

SNR2~ ideal,l i ! ~53!

with NL5100 andl varying from 0.005 to 0.995~uniformly
over the pixel in the center of the array!.

VII. SIMULATION RESULTS

The different figures of merit were studied by looking
the effect of varying the amount of presampling blur in
similar way as Rowlandset al.6 Just as in the Rowlands
paper, we see an improvement in the DFT DQEdig(n) when
we look at the case without electronic noise~Fig. 2!. Such a
result may be interpreted as saying that adding presamp

FIG. 2. DQEdig for the model with no pixel gap and no electronic noise. T
DQEdig defined using the PSMTF and the DFT can improve as we incre
the presampling blur, reproducing qualitatively the result found theoretic
and experimentally by Rowland’set al. ~Ref. 6!. We will show that im-
provements in DQEdig can be a misleading indication of improvement
detector performance.
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blur is not only better at reducing aliasing but also at impro
ing overall system performance. This conclusion would
an incomplete version of the story.

We begin by looking at the dependence of SNR~ideal! on
the signal location. For signals much smaller than a pixel,
see a strong dependence on location as we vary presam
blur ~see Fig. 3!. For signals larger than a pixel, we do n
see much change.17 This spatial dependence is important
terms of interpreting the results from detectability compu
tions. In the surface plot~Fig. 3!, if we fix the signal location
to be in the center of the pixel, there is a maximum along
blur axis. If a detectability study were done with a sm
signal always at the center of the pixel, the conclusion wo
be that some presampling blur would significantly impro
detectability. The gap shown in Fig. 3 becomes less not
able as the presampling blur increases. As one would exp
presampling blur takes small signals in the gap and exte
them to the active area of the detector.

The NPSdig computations use the variance of the DF
elements but ignore the off-diagonal elements ofKDFT . With
no electronic noise andsb51 pixel, the diagonal element
dominate but the off-diagonal elements are not zero~Fig. 4!.
The off-diagonal terms are small with respect to the diago
terms but there are many of them (;N2). The error that
arises from these off-diagonal terms can be assessed by
effect on signal detectability.

In order to carry out the comparisons between the id
SNR and NEQdig , we vary the amount of presampling blu
and see how SNRs change~Fig. 5!. We find that for small
amounts of presampling blur, the DSFT SNR given by E
~38! closely approximates the location-averaged ideal S
(^SNR2(ideal)& loc).

21 The difference seen at higher presam
pling blurs reflects the errors in approximating the DSFT
using the DFT. For our simple model, in the limit of a

se
y

FIG. 3. Dependence of the ideal SNR on presampling blur and object lo
tion for a small signal (ss50.01 pixels). In this model there is no electron
noise and a pixel gap of 0.1 pixels. The location of the signal with respec
the pixel strongly affects the dependence on presampling blur. A signa
the middle of a pixel has a maximum~along the blur axis! while a signal at
the edge monotonically increases. We also see that presampling blur re
the effect of the interpixel gap.
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infinite number of pixels, the Toeplitz covariance matrix b
comes circulant.13,17

The DSFT SNR is the only NEQ-based SNR that attem
an explicit connection to signal detectability.21 The DFT
SNR and DQE~0! should not be compared in terms of the
exact agreement witĥSNR2(ideal)& loc but in terms of the
design decisions to which they lead. In particular, if we lo
at the case with Poisson noise and no electronic noise w
small signal~Fig. 5!, all three SNRs have different behavio
as we increase the presampling blur. Part of the motiva
for this work was the counterintuitive result found by Row
lands et al.6 where presampling blur appeared to impro
detector performance. This result as seen before in D
~Fig. 2! is reproduced by our model. The DFT SNR for
small signal has a maximum as we increase presamp

FIG. 4. ~a! Covariance matrix of data forsb51.0 pixel. ~b! Log of the
covariance matrix of the DFT coefficients of data forsb51.0 pixel. These
covariance matrices show the existence of off-diagonal elements in the
variance matrix of the DFT of the data. Their magnitude is small but th
are ;N2 of them. Their importance will be quantified by their effect o
signal detectability.
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blur. The^SNR2(ideal)& loc , on the other hand, remains con
stant.

As the signal size increases, the difference between
DSFT SNR and the DFT SNR decreases. This is because
frequency support of the signal mostly lies below half t
sampling frequency of the detector. In that case, both SN
are the same.

The DQEdig(0) is included in the plot not because it ha
been suggested as a figure of merit for evaluating pres
pling blur but because of its use as a summary measure
system characterization. As one would expect, DQEdig(0)
changes very little with presampling blur. Blurring befo
detection should not change the total counts or the varia

o-
e

FIG. 5. SNR2 vs presampling blur for~a! a small signal and~b! a large signal
for the model with no electronic noise. The SNRs vary differently as
increase presampling blur (sb). The detectability is dominated by discret
zation effects which lead to a much larger decrease in detectability for s
signals than for large signals. Note that the increase in DQEdig(0) is due to
the finite detector size and that for the large signal, the DFT and DSFT p
lie on top of each other.
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of the total counts. The increase that is seen with pres
pling blur is due to the errors in estimating the variance
the zero frequency with a finite size detector and DFT te
niques. When we increase the detector size, the DQEdig(0)
plot becomes flat.

Not only do the design decisions vary with the SNR ch
sen, they also vary with the signal of interest~Fig. 5!. The
design process has to include the signal of interest.

Introducing an interpixel gap produced an unexpected
sult in ^SNR2(ideal)& loc : it remained constant~see Fig. 6!.
Even though for a small amount of blur SNR for a sm
pixel at the gap is zero, SNR for the active part of the pi
increases such that SNR averaged over a pixel remains
changed. The DQEdig(0) with no presampling blur is equa
to the quantum efficiency~0.9! but as the blur increases th

FIG. 6. SNR2 vs presampling blur for~a! a small signal and~b! a large signal
for a detector with an interpixel gap50.1 and no electronic noise. Surpris
ingly, ^SNR2(ideal)& loc remains unchanged for the small signal. The d
crease in detectability in the gap is compensated by an increase in the a
part of the pixel. Note that for the large signal, the first three SNRs alm
completely overlap.
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effect of the gap is reduced. For large signals~Fig. 6! there is
a small decrease in SNR due to the gap, but the qualita
behavior remains the same as in the case where there
gap.

We also examined the effect of adding electronic noise
our model by adding independent Gaussian noise with 1
of the variance of the Poisson noise to our data. The res
show that for small signalŝSNR2(ideal)& loc no longer re-
mains constant~Fig. 7!. The ideal observer can undo th
correlation arising from the presampling blur but not t
variance from the electronic noise added after detection.
subpixel signals, we find that having no presampling blur
optimal. Even with electronic noise, for signals larger than
pixel, presampling blur increases detectability sligh

tive
st

FIG. 7. SNR2 vs presampling blur for~a! a small signal and~b! a large signal
for a detector with 10% electronic noise. We see an overall decrease in
but there are also fundamental changes in the behavior from the case w
electronic noise. The electronic noise washes out the maximum foun
SNR~DFT! for small signals~Fig. 6!. In Fig. 7, ^SNR2(ideal)& loc and SN-
R~DSFT! lie on top of each other.
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(;3%). We also see that introducing electronic noi
after detection improves the approximation of t
^SNR2(ideal)& loc by the DSFT SNR. Electronic noise make
the covariance matrix more diagonally dominant and he
closer to being diagonalized by the DFT. The DQEdig(0) is
reduced as expected and does not change as we increa
presampling blur.

The NEQdig attempts to provide a scale-dependent fig
of merit. A more theoretically sound approach is to p
^SNR2(ideal)& loc vs 1/ss . This kind of a plot can be used t
answer questions having to do with the size of a signal. F
ure 8 shows how presampling blur helps to decrease the
fect of the interpixel gap. If we add electronic noise, t
presampling blur becomes undesirable~Fig. 9!.

FIG. 8. ^SNR2(ideal)& loc vs 1/ss for an interpixel gap of 0.1 pixels and n
electronic noise. In this case, presampling blur helps to decrease the eff
the gap for all the signals studied.

FIG. 9. ^SNR2(ideal)& loc vs 1/ss for an interpixel gap of 0.1 pixels and 10%
electronic noise.
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VIII. DISCUSSION

The purpose of this paper was to explore the connec
between the different formulations of NEQdig and the ideal
SNR. In particular, we were interested in raising awaren
of some of the limitations of commonly used Fourier me
ods. We are not claiming that there are no Fourier meth
that could approximate the Hotelling detectability for th
simple model used in this paper. As the reviewers poin
out, the use of a Hann window25 for the estimation of the
NPSdig improves the correlation of the Fourier-based me
ods with Hotelling detectability. The details and represent
tive results of this modification are included in Appendix
The degree to which the Fourier approximations appro
the Hotelling observer will depend on the size of t
detector,17 the type of spectral estimation used,22,23,25and the
knowledge of the analytical model,13,21 among other factors

What we found is that the NEQdig formulations studied
here do not always correlate to detectability. For small s
nals, with and without electronic noise, SNR~DFT! has a
maximum where SNR~ideal! remains constant or decrease
The design decision made by using SNR~DFT! would be
different than the one taken if we look at signal detectabil
Therefore, we should use a fully digital figure of merit th
avoids the pitfalls that come from trying to combine contin
ous and discrete description of the imaging detector.

Our simple model only slightly tested the circulant natu
of the data covariance matrix. In more realistic models, th
will be more sources of error for these tasks.9,18 There are
further complications with real measurements. The NPS
stationary tool that is being applied to nonstationary det
tors. While detectors have large numbers of pixels, sma
sections of the detector are used to estimate NPSdig . The use
of those smaller sections magnifies the errors associated
working in the frequency domain. In real data sets, th
would also be errors associated with estimating the PSM
from the data.

The interpixel gap reveals a weakness in the locati
averaged approach to detectability. Location averaging s
plifies the analysis because it removes the location dep
dence for a flat background. This simplification carries w
it the inability to distinguish between a detector with a
without a pixel gap for a small signal. In the followin
paper,9 we will see that in structured backgrounds, locati
dependence cannot be avoided.

To obtain a figure of merit that depends on scale and ta
into account measurement uncertainty without the use
Fourier methods, we suggest a plot of^SNR2(ideal)& loc as a
function of signal size~Figs. 8–10!. This pixel-domain quan-
tification of system performance does not rely on sh
invariance or stationarity. Frequency is a natural surrog
for size in LSIV systems but in digital radiography it seem
more natural to use signal size to talk about the scale de
dence of a detector’s performance. The normalization of
signals was done such that the SNRHot

2 could be interpreted
as a DQE:

t of
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DQEHot5
SNRHot

2 ~output!

SNRHot
2 ~ input!

. ~54!

In Fig. 10, we plot the alternative formulation of DQ
(DQEHot) in which there is little improvement by increasin
presampling blur.

IX. CONCLUSIONS

The interpretation of DQE in terms of signal detectabil
for continuous data was established by Wagner.11 This paper
studies the connection between signal detectability and
commonly used extensions of DQE for digital detectors.
find that NEQdig and DQEdig do not always correlate with
signal detectability. These results encourage the verifica
of the assumptions made when using Fourier methods.

Working in the pixel domain avoids the stationarity a
shift-invariance assumptions needed to justify NEQdig .
Avoiding such assumptions makes the Hotelling-based S
generalizable to more realistic situations.9 This generalizabil-
ity and accuracy comes at the price of more computatio
expense and the necessity to include the signal in the ev
ation process. To justify the added effort, we have shown
under some circumstances, using NEQdig-based figures of
merit lead to the incorrect design decision. For the mo
used in this paper, the disagreement is restricted to extrem
small lesions. As the model becomes more complicated,9 the
effect affects larger lesions. If one adheres to the statisti
decision-theory interpretation of SNR, the SNR defined fr
the Hotelling observer provides the most reliable approac
system optimization. Ways to carry out these computati
for large matrices and more realistic models is an active a
of research.18,19 In the larger picture, both Fourier and pix
domain methods are trying to connect optimization of dig
detectors to the detection task.18,19,21,24We are interested in

FIG. 10. DQE based on the Hotelling observer vs 1/ss for the same model as
Fig. 2. Frequency is a surrogate for signal size in the same way that 1/ss is.
This plot is a version of DQE that does not rely on Fourier methods
maintains all the properties of Fig. 2. The Hotelling DQE still shows i
provement with increased presampling blur but much reduced from w
Fig. 2 would imply.
Medical Physics, Vol. 31, No. 2, February 2004
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encouraging the discussion about where Fourier meth
have limitations and how can they be improved or replac
by pixel domain methods.
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APPENDIX A

The DFT approach computes the presampling NEQ w
out the knowledge of the exact continuous presampling m
If we consider our model in the limit of an infinite detecto
with no electronic noise andgps(x) restricted to be band
limited below half the sampling frequency, thenĝps(x)
5gps(x). Sinc interpolation under those circumstances is
invertible transformation between the data and its continu
presampling representation. Since SNR2(ideal) is invariant
under invertible transformations, SNR2(ideal) computed
from the data is the same as the one computed before s
pling:

gs
t Kg

21gs5E
2 1/2

1/2

dn
b0

2 Gd
2 PSMTF2~n!

NPSdig~n!
uS0~n!u2. ~A1!

We quantify the errors incurred by these approximatio
by looking at the deviations between the DFT SNR and
ideal SNR. The largest deviations arise for small signals
small amounts of presampling blur. The errors are ev
larger when we include object variability.9

APPENDIX B

Tapering windows such as the Hann window25 are some-
times used in spectral estimation to reduce spectral leak
Multiplying the data vector~g! by a window ~a diagonal
matrix, W! that smoothly approaches zero at the edges
duces the effects of the finite sample size. We consider
Hann window,

Wmm5
1

2 S 12cosS 2p
m21

M D D . ~B1!

We can express the digital noise power spectra as

@NPSdig#m5
1

U
@DWK gW

†D†#mm, ~B2!

with

U5
1

M (
m51

M

Wmm
2 . ~B3!

We applied this window to our results. The use of the w
dow had a significant effect. For our model, the use of
Hann window extended the blur range where Fourier me
ods correlated to the Hotelling detectability. Figure 11 rep
duces Fig. 5 using a Hann window instead of the impli

t
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rect window. The Hann window decreases the effect of
finite detector size but the fundamental limitation remai
Figure 11 reproduces Fig. 5 using a Hann window but us
images withM564.

a!Author to whom correspondence should be addressed; present ad
Department of Radiology, Lucas MRS Center, Stanford University, S
ford, CA 94305-5488; electronic mail: pineda@stanford.edu

FIG. 11. We recomputed the plot from Fig. 5~a! using the Hann window for
the estimation of the NPSdig . In ~a! we see a large effect in how the Fourie
methods correlate with Hotelling detectability. UsingM564, ~b! shows that
the effect of the window will depend on the size of the images used.
‘‘ w’’ subscript means that the quantity was computed using the Hann
dow. Note that blur range is goes up to 1.6
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