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Recent advances in model observers that predict human perceptual performance now make it possible to op-
timize medical imaging systems for human task performance. We illustrate the procedure by considering the
design of a lens for use in an optically coupled digital mammography system. The channelized Hotelling ob-
server is used to model human performance, and the channels chosen are differences of Gaussians. The task
performed by the model observer is detection of a lesion at a random but known location in a clustered lumpy
background mimicking breast tissue. The entire system is simulated with a Monte Carlo application accord-
ing to physics principles, and the main system component under study is the imaging lens that couples a fluo-
rescent screen to a CCD detector. The signal-to-noise ratio (SNR) of the channelized Hotelling observer is
used to quantify this detectability of the simulated lesion (signal) on the simulated mammographic back-
ground. Plots of channelized Hotelling SNR versus signal location for various lens apertures, various working
distances, and various focusing places are presented. These plots thus illustrate the trade-off between coup-
ling efficiency and blur in a task-based manner. In this way, the channelized Hotelling SNR is used as a merit
function for lens design. © 2005 Optical Society of America
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1. INTRODUCTION
The systematic method of lens design in use today is an
iterative technique. By this procedure, a basic lens type
is first chosen. A paraxial thin-lens and then a thick-lens
solution are developed next. Then, with the great
progress in computers and applied mathematics today,
one can directly go to optimization by relatively high-
speed ray trace. Any automatic computer optimization
program actually drives an optical design to a local mini-
mum, as defined by a merit function. Broadly speaking,
the merit function can be described as a function of calcu-
lated characteristics, which is intended to completely de-
scribe the value or the quality of a given lens design. The
typical merit function is the weighted sum of the squares
of many image defects, among which are various aberra-
tion coefficients, spot sizes, and modulation transfer func-
tion at one or more locations in the field of view. Some
merit functions consider the boundary conditions for the
lens as well. These boundary conditions include items
such as maintaining the effective focal length, center and
edge spacings, and overall length. Choice of terms to be
included in the merit function is a critical part of the de-
sign process. The basis for selecting the aberrations is
the experience of designers and their understanding of
the nature of lenses and aberrations. The exact choice of
term weights and balancing aberrations is largely an em-
pirical process. A large amount of effort has been ex-
pended to improve the optimization procedure, but the
choice of merit function to provide the best image quality
is still not so clear.
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Although the aberration coefficients give designers an
idea of the performance of the system, the overall effects
of these aberrations on the final image is hard to visual-
ize. The question is, what effect does a given amount of
aberration have on the performance of optical imaging
systems? Phrased in this way, the question is rather
vague, and more concrete definitions of image quality are
needed. A scientific or medical image is always produced
for some specific purpose or task, and the only meaningful
measure of its quality is the appropriate observer’s per-
formance on that task. The basic difficulty with the
weighted sums of the squared errors as measures of the
image quality is that they do not take into account the ob-
server and the task of images. A task-based approach to
assessment of image quality must therefore start with a
specification of the task followed by a quantitative deter-
mination of how well the observer performs the task.
Generally, the tasks of practical importance can be either
to classify the image into one of two or more categories or
to estimate one or more quantitative parameters of the
object from the image data. We call these two kinds of
tasks classification and estimation, respectively. In as-
tronomical imaging, for example, one might want to de-
tect the presence of a small companion star near a
brighter star, or one might want to estimate the relative
magnitude of the two stars. The first problem is a clas-
sification task, and the second is an estimation task. The
observer can be either a human or some mathematical
model observer like a machine classifier or pattern recog-
nition system. With the figure of merit for each task, we
2005 Optical Society of America
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can quantitatively measure the task-based image quality
of imaging systems.

One challenging lens design area is medical x-ray im-
aging systems, which are usually designed to produce im-
ages having the highest quality possible for diagnosis
within a specified dose. One type of digital x-ray imaging
system uses optics to couple x-ray fluorescent screens
onto detection devices or image receptors such as CCD ar-
rays. The lens design must meet a very stringent re-
quirement because the radiation dose applied to patients
is limited. Within the safe dose level, x-ray imaging sys-
tems should be quantum limited, which means that the
dominant noise is the quantum noise from the fluctuation
in the x-ray photons. Although x-ray phosphor screens
may create hundreds of visible or UV photons per x-ray
photon absorbed, the imaging optics cannot couple all of
them onto an image receptor. In fact, the number of
transmitted light quanta is so much less than the number
of those created that the imaging optics can easily become
the quantum sink in the whole x-ray imaging system. In
its simplest interpretation, when we present an imaging
system as a series of cascaded processes or stages, the
stage with the fewest quanta per incident x-ray photon is
called the quantum sink. The cascaded model is one
form of analysis often used by system designers. In this
model, the quanta leaving one stage contribute an effec-
tive input to the subsequent stage. The starting process
usually results from the Poisson statistics characterizing
the incident x-ray photons. The randomness introduced
by Poisson statistics is a basic noise in photon-limited im-
aging systems, but there always exists additive noise
from external sources, such as electronic components.
When imaging systems are designed or assessed, it is im-
portant to understand the processes that contribute to the
image formation and the effects they have on image sig-
nal and noise. In the cascade model, the noise propa-
gates through all stages to the final image as well. All
sorts of blurring, especially from aberrations, introduce
changes in the appearance and amplitude of the statisti-
cal x-ray fluctuations. Such noise takes on a character-
istic mottled appearance. Only fast lenses can couple
enough light onto image receptors to make recognizable
contrast and satisfactory signal intensity over noise. At
the same time, the inherent severe aberration of fast
lenses can make the mottled appearance even worse.

Recent advances in model observers that predict hu-
man perceptual performance now make it possible to op-
timize optical imaging systems, such as lenses, for human
task performance. We illustrate the procedure by inves-
tigating a design of a lens for use in an optically coupled
digital mammographic imaging system. The cascaded
imaging chain consists of a fluorescent screen, an imaging
lens, and an electronic imaging device such as a CCD
camera. Observers’ performance is evaluated based on
the statistical properties of the images from the system.
The statistics of images are determined by the statistics
of objects and the statistics of the noise from imaging sys-
tems. A detailed model of the system to be optimized is
described in Section 2. The general observer’s perfor-
mance and the specific analysis of this model are intro-
duced in Section 3. Section 4 specifies the Monte Carlo
strategy used for the numerical computation in evaluat-
ing our objective merit function for lens design. Some
case studies and discussion are provided in Section 5, and
conclusions are presented in Section 6.

2. SYSTEM MODEL
An optically coupled digital mammographic imaging sys-
tem usually includes an x-ray source, a fluorescent
screen, an imaging optical component, and a digital image
receiver. A layout drawing of the model system is shown
in Fig. 1. Optimizing the imaging optics in this context
requires the knowledge of the full system so that the ob-
ject and the noise propagation can be precisely decided.
In Subsections 2.A and 2.B, each system component is in-
vestigated carefully and different statistical aspects are
given as completely as possible.

A. Physical System
A remote x-ray generator is placed in front of a fluores-
cent screen, and the patients to be imaged are in between,
usually close to the screen. The detection unit after the
screen consists of an optical imaging lens and a CCD cam-
era. The lens images the exit surface of the screen onto
the detector plane of the CCD camera.

The most common type of x-ray source in diagnostic ra-
diology is a vacuum tube in which high-energy electrons
bombard a metal anode and create x-ray photons. The
x-ray photons produced during the exposure are indepen-
dent of each other, and the total number is Poisson
distributed.1 After the patient, the transmitted x-ray
photons still keep their independence since their interac-
tions with tissue are unrelated to each other. The x-ray
source is usually far from the fluorescent screen, and
there is an antiscattering grid after the patient, so the di-
rections of the x-ray photons are approximately parallel
to each other after the patient.

X-ray fluorescent screens are usually made of rare-
earth-doped crystallites embedded in plastic binders.
These tiny crystal grains emit greenish light upon x-ray
excitation. The production rate of light photons is fairly
high, over a thousand visible photons per absorbed diag-
nostic x-ray photon on average. Right after generation,
visible light beams are scattered inside the screen by
these same crystal grains and meander out to the exit
surface of the screen. Once a visible light photon reaches

Fig. 1. Layout of the model system.
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the exit surface, it is most likely displaced from the origi-
nal position of the absorbed x-ray photon on the surface,
and it is also deviated from the original direction of the
x-ray photon. The current screen types usually have a
reflector on their incident sides to direct more visible light
outward. However, the same reflector increases the scat-
tering spread. The detailed specifications of the screens
used in the model are based on Kodak products.

An imaging lens couples the exit surface of the screen
onto the front surface of a digital imaging detector. To
accommodate the whole screen area onto the detector,
this lens has to work in a small absolute magnification.
The consequently small numerical aperture in the object
space cuts off so much visible light emitted from the
screen that the ultimate x-ray-to-light-photon conversion
rate at the detector stage is around 1, even though 1000
light photons are produced by one x-ray. Making the lens
faster while maintaining the field height introduces
larger aberrations. Larger aberrations (except distor-
tion) further worsen the blur in the final image. Vignett-
ing can help reduce the off-axis aberrations, but at the
same time it causes light loss. The amount of the aber-
ration and the amount of light flux through the lens are
coupled with each other.

The last part in the imaging system is a digital imaging
detector to produce a discrete set of pixel values repre-
senting a continuous image. CCD cameras now have
very low noise and very high sensitivity. The electronic
noise from CCDs has physical sources independent from
other noise previously introduced. In Section 3 we show
that it is fairly easy to include any independent noises in
the analysis. For now, we analyze an ideal CCD camera
with an identical response function for all pixels but no
electronic noise. The fill factor of the CCD camera is as-
sumed to be 1.

B. Mathematical Model
The above detailed descriptions and approximations of
the physical model system provide us a solid ground to de-
scribe mathematically this imaging chain as cascaded sto-
chastic point processes. This type of model for medical
imaging is discussed in detail in Ref. 1. The chain begins
just in front of the entrance surface of the fluorescent
screen and ends at the output of the CCD camera.

1. Point Process of Absorbed X-Ray Photons
In radiography the object is the three-dimensional distri-
bution of the x-ray attenuation coefficient, and the image
is the two-dimensional (2D) projection of the x-ray distri-
bution transmitted through that three-dimensional ob-
ject. To facilitate our analysis of the point processes later
in the paper, we use the x-ray distribution transmitted
through the patient as the base for the object to our model
system. When x-ray beams pass through the fluorescent
screen, the crystallites inside the screen absorb a portion
of the x rays. Only this portion of the x rays can excite
the luminescent crystals to emit visible light and contrib-
ute to the image in the CCD camera. We therefore take
this portion as the object to the model system and call it
f(R), where R is the 2D coordinate on the entrance sur-
face of the screen. Although a realistic x-ray spectrum
will introduce energy-dependent absorption coefficients,
we think that this detail will not change the results quali-
tatively: The trends of the signal-to-noise ratio (SNR)
curves and the orders of them in the various figures
should remain the same, although the exact values can be
different. An artificially monochromatic x-ray source is
used in our study for the sake of computational simplicity.
When we assume that the x-ray source is monochromatic,
this object f(R) can also be interpreted as the x-ray num-
ber fluence in units of mean number of photons per unit
area. The energy fluence for a source is defined as the
radiant energy per unit area in radiological imaging, and
this quantity is called exposure in photography. The ob-
ject is thus calculated from the energy fluence divided by
the energy of each x-ray photon. Our object is in fact the
noise-free x-ray pattern. If we take into account all the
patients to be imaged, the object is a random function
sampled from the ensemble of patients. Each object pro-
duces a noisy x-ray pattern. This x-ray pattern can be
described as a 2D Poisson point process, where each x-ray
photon contributes in the process a randomly located
delta function on the entrance surface of the screen. The
photons all propagate in the same direction that we de-
note as the 1z axis in the three-dimensional coordinate
system. The entrance surface of the screen therefore lies
in the x, y plane. Similar to the situation in patients, ev-
ery x-ray photon interacts independently of all the other
photons within the screen. The absorbed portion of the
x-ray photons comprises another random point process
that follows Poisson statistics. Mathematically speak-
ing, the absorption mechanism is a binomial selection of
the incident point process, and the binomial selection of a
Poisson process is still a Poisson with a modified mean.1

The mean of the Poisson process resulting from the ab-
sorption is the object.

Now we are ready to describe the initial random pro-
cess in the imaging chain. It is the Poisson point process
for any given object f(R). This random process models
both the object and the noise before the whole imaging
system. A sample function of this first random process
can be written as

yx~R! 5 (
n51

N

d ~R 2 Rn!, (2.1)

where Rn is the 2D position vector in the entrance surface
of the screen at which the nth x-ray photon hits, and each
delta function describes an x-ray photon passing through
the patient and absorbed by the screen. The x-ray object
f(R) is a random function drawn from the ensemble of ob-
jects to be imaged, so this process is actually a doubly sto-
chastic Poisson process.1 For any given object, the total
number of absorbed x-ray photons N is a Poisson random
variable, whose mean is the integral of the process mean
f(R). The integral is over the support of the object,
which is usually the whole area of the screen:

N̄~ f ! 5 EE
supp

d2Rf~R!. (2.2)

Because of the independence of the photons in the Poisson
process, the probability density function (PDF) of Rn is
just the properly normalized process mean function:
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prR~Rnu f ! 5
f~Rn!

N̄~ f !
5

f~Rn!

EE
supp

d2Rf~R!

. (2.3)

This 2D point process does not include the third spatial
coordinate of the absorbed x-ray photons z, which is the
absorption depth. The screen should have a uniform re-
sponse over its area when well manufactured. The ab-
sorption depth zn of the nth absorbed x-ray photon is thus
independent of its 2D position Rn . Given the character-
istic x-ray absorption depth dx , the absorption depth zn
follows the exponential law within the screen thickness d:

prZ~zn! 5
1

dx

exp~2zn /dx!

1 2 exp~2d/dx!
, 0 < zn < d.

(2.4)

The proportion of the absorbed x rays in the x-ray pattern
after the patient is 1 2 exp(2d/dx).

The 2D point process of the absorbed x-ray photons, to-
gether with the PDF of the absorption depth, forms the
complete mathematical description of the first stage in
the cascaded imaging system model.

2. Point Process of Incident Visible Photons
Once an x-ray photon is absorbed, some of its energy is
then re-emitted in the form of fluorescent light photons.
Each absorbed x-ray photon can produce more than a
thousand visible light photons on average. The initial
x-ray interactions with the fluorescent crystals most
likely produce high-energy photoelectrons. A high-
energy electron migrating through inorganic scintillator
crystallites inside the screen will form a large number of
electron–hole (e–h) pairs. An e–h pair quickly recom-
bines and independently emits a visible photon with high
probability. The e–h pair sites are all so close together
near the primary absorption site of the x-ray photon that
all the excited visible lights can be considered as emitting
from the absorption site. In fact, the e–h pair range is of
the order of 2 mm in the mammographic energy range.
After demagnification by the lens, the images of the e–h
pair ranges are much smaller than the pixel size in com-
mon CCD cameras, which is of the order of tens of mi-
crometers. The visible photons propagate equally prob-
ably in all directions upon creation. This simplified light
conversion model is the starting point of the visible light
scattering. The visible light photons are scattered by the
tiny crystals in the screen and may be reflected by the dif-
fuse reflectors on the back of the screen. Before they can
get out of the screen, they have a slight chance of being
absorbed along the way. The result of the scattering
analysis follows next.

The whole process can be described mathematically as
a random amplification process with x-ray photons as pri-
maries and visible photons that get out of the exit surface
of the screen as secondaries.1–3 The amplification num-
ber of each absorbed x-ray photon is random. The nth
primary produces Kn secondaries, and we can write down
a sample function of the 2D stochastic process after this
amplification mechanism:
yv,in~r! 5 (
n51

N

(
k51

Kn

d ~r 2 rnk!

5 (
n51

N

(
k51

Kn

d ~r 2 Rn 2 Drnk!, (2.5)

where rnk is the location on the exit surface of the screen
for the kth secondary produced by the nth primary and
Drnk is the random displacement. The position vectors
here and in the rest of the paper are all 2D. They may be
on different planes along the optical axis, but all the
planes are parallel to each other and have identical coor-
dinate systems with the origins on the optical axis.
When projected along the optical axis on a certain plane,
position vectors follow the common 2D vector arithmetic
correctly.

In radiometry, a function called the bidirectional trans-
mission distribution function [(BTDF) (r, ŝ, ŝ8)] is used to
quantify the directional property of light transmission
through a thin transmissive layer.1 It is defined as the
ratio of transmitted radiance in the direction ŝ to the ra-
diant incidence at the position r on the layer. Radiant in-
cidence is the irradiance of a highly collimated beam trav-
eling in the direction ŝ8, so the BTDF actually specifies
the transmitted radiance generated by such a beam. The
BTDF is in units of inverse steradians, and we can relate
the transmitted radiance with the incident radiance by
the following integral:

Ltrs~r, ŝ! 5 EE
2p

dV8BTDF~r, ŝ, ŝ8!Linc~r, ŝ8!cos~u8!,

(2.6)

where the integral is over the hemisphere of unit vector ŝ8
directed toward the surface, and ŝ lies in the same hemi-
sphere. Here we assume that the visible photons all
have the same energy and, with the above assumption of
monochromatic x-ray sources, the radiometric quantities
of x ray and visible light can be defined in units of photon
numbers.

Now we generalize the conventional BTDF to describe
the entire light transmission through the fluorescent
screen. For thick translucent objects like screens, the
generalized BTDF is also a function of the position vector
on the exit surface r8, namely, BTDF (r, ŝ; r8, ŝ8). The
light-transmission process includes two steps: (1) the
amplification process in which the absorbed x-ray photons
are converted into a larger number of visible light photons
and (2) the scattering process in which the visible light
photons are displaced from the original x-ray absorption
sites on the exit surface of the screen. In this analysis,
the incident light is the absorbed x rays, and the trans-
mitted light is the visible light out of the screen. Because
the transmitted light displacement distribution can be
different at different incident x-ray absorption depths, the
generalized BTDF should also be a function of depth z.
The generalized BTDF is thus similarly defined as the ra-
tio of transmitted radiance in the direction ŝ at the posi-
tion r on the exit plane to the radiant flux on the entrance
plane when the incident x-ray is absorbed at the depth z.
Radiant flux is the flux of highly collimated x rays travel-
ing in direction ŝ8 with a pointlike size at the position r8
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on the entrance plane. Hence the generalized BTDF, by
definition, is in units of inverse steradians per square
meters, suggesting that it can be used in an integral over
a solid angle and a 2D spatial vector. In fact, it is the
kernel of the integral relating incident radiance to the
transmitted radiance if the absorption happens at depth
z:

Ltrs~r, ŝuz ! 5 EE
2p

dV8 È d2RBTDF

3 ~r, ŝ, R, ŝ8uz !Linc~R, ŝ8!cos~u8!,

(2.7)

where all the radiometric quantities are in units of photon
numbers. Therefore the mean gain of the amplification
process is automatically incorporated into the generalized
BTDF.

In our model, the incident radiance is an angular delta
function scaled by the absorbed x-ray irradiance. Be-
cause we assume that x rays have normal incidence on
the screen, the direction cosine is 1. The delta function is
along the propagating direction ŝ08 of all the x-ray pho-
tons, which is parallel to the optical axis, defined in the
1ẑ direction:

Linc~R, ŝ8! 5
Minc~R!d ~ ŝ8 2 ŝ08 !

cos~u8!
5 Minc~R!d ~ ŝ8 2 ẑ!,

(2.8)

where Minc is the absorbed incident x-ray irradiance on
the entrance surface at the position R. By applying Eq.
(2.7), it is easy to get the transmitted visible light radi-
ance at the absorption depth z:

Ltrs~r, ŝuz ! 5 EÈd2RMinc~R!BTDF~r, ŝ, r8, ẑuz !.

(2.9)

The subsequent irradiance on the exit surface can be
found by integrating the irradiance over all directions in
the forward hemisphere:

Mtrs~ruz ! 5 EE
2p

dVLtrs~r, ŝuz !cos~u!

5 EÈd2RMinc~R!EE
2p

dVBTDF

3 ~r, ŝ, R, ẑuz !cos~u!. (2.10)

The kernel that relates incident irradiance to transmitted
irradiance can also be called the irradiance point response
function (PRF), which is

PRF~r, Ruz ! 5 EE
2p

dVBTDF~r, ŝ, R, ẑuz !cos~u!.

(2.11)

When in photon number units, the irradiances are
equivalent to the mean processes f of the corresponding
random point processes:

Minc~R! 5 f~R!, Mtrs~ruz ! 5 f 8~r!. (2.12)

The amplification PRF pd can be derived from the irradi-
ance PRF in Eq. (2.11):
pd~r, Ruz ! 5 EE
2p

dVBTDF~r, ŝ, R, ẑuz !cos~u!

5 k̄~Ruz ! • prDr~DruR, z !. (2.13)

As shown in Ref. 1, the amplification PRF determines
both the PDF of the displacement position prDr and the
average gain Kn by

prDr~DruR, z ! 5
pd~R 1 Dr, Ruz !

Kn~Ruz !
, (2.14)

Kn~Ruz ! 5 EÈd2rpd~r, Ruz !, (2.15)

where Kn is the average number of secondaries per pri-
mary. We also note that the average number of second-
aries per primary is independent of the particular pri-
mary, or n, and can be written as K̄. Similarly, the PRF
in the four-dimensional space (the 2D position and the 2D
direction) is the generalized BTDF in photon number
units corrected by the direction cosine:

PRF~r, ŝ, R, ẑuz ! 5 BTDF~r, ŝ, R, ẑuz !cos~u!.
(2.16)

The joint PDF of the exit position and direction of a scat-
tered secondary photon is thus the normalized four-
dimensional PRF:

pr~r, ŝuR, z ! 5
BTDF~r, ŝ, R, ẑuz !cos~u!

K̄~Ruz !
. (2.17)

The conditional PDF of the outgoing direction can be de-
rived from the joint PDF of Eq. (2.17). The direction is
determined by the azimuth angle f and the polar angle u.
The differential solid angle in the angular space is in fact
the product of the differential azimuth angle df and the
differential cosine of the polar angle d cos(u). The direc-
tion PDF is thus expressed as the joint PDF of the azi-
muth angle f and the cosine of the polar angle cos(u).
The conditional PDF of the outgoing direction is ex-
pressed as

pr~ ŝuDr, R, z !

5
pr~R 1 Dr, ŝuR, z !

pr~DruR, z !

5
BTDF~R 1 Dr, ŝ, R, ẑuz !cos~u!

EE
2p

dV8BTDF~R 1 Dr, ŝ8, R, ẑuz !cos~u8!

.

(2.18)

The conditional direction PDF of Eq. (2.18) is com-
pletely determined by the generalized BTDF, but the PDF
of the gain is still unknown except for the mean value.
The amplification mechanism removes the independence
among the different points in the resultant process be-
cause two or more secondaries can be produced by one pri-
mary. Shift invariance holds inside the boundary of well-
manufactured screens, where the secondary displacement
PDF [Eq. (2.14)] and the conditional direction PDF [Eq.
(2.18)] are both independent of the primary position R.
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The PRF pd(r, Ruz) is now only a function of the displace-
ment r 2 R and the depth z, and it can be called the
point-spread function. The secondaries from different
primaries are independently produced since the screen
should have no memory from one primary to another.
The multivariate density on $Drnk% is therefore a product
of univariate densities on each of the Drnk . The product
form is also valid for the multivariate density on
$(Drnk , ŝnk)% and the conditional multivariate density on
$ŝnkuDrnk%. Similarly, the conditional multivariate den-
sity pr($rnk%uRn) is the product of the univariate densities
pr(rnkuRn).

3. Point Process of Output Visible Photons
The visible light from the screen has to pass through the
optical imaging lens after the screen to contribute to the
image formation on the CCD camera. Because of the
limited entrance pupil and the complicated vignetting ef-
fect of the lens, each visible photon has only a small
chance to pass. The passing probability pass(R
1 Dr, Ruz) of an output visible photon depends on its
exit position R 1 Dr and its primary position R. On the
basis of the probability densities above, the function
pass(R 1 Dr, Ruz) can be obtained from the generalized
BTDF function:

pass~R 1 Dr, Ruz !

5 EE
V~R1Dr!

dVpr~ ŝuDr, R, z !

5

EE
V~R1Dr!

dVBTDF~R 1 Dr, ŝ, R, ẑuz !cos~u!

EE
2p

dVBTDF~R 1 Dr, ŝ, R, ẑuz !cos~u!

,

(2.19)

where the solid angle V(R 1 Dr) incorporates only the
directions that a visible photon can pass through the lens
from the position R 1 Dr on the exit surface of the
screen. The solid angle is determined by the lens pupil
and vignetting at the field R 1 Dr. This binomial selec-
tion mechanism needs to be explicitly expressed because
the input process is no longer a Poisson process. One
sample function of the resultant process is

yv,out~r! 5 (
n51

N

(
k51

Kn

bnkd ~r 2 Rn 2 Drnk!, (2.20)

where bnk is a random variable taking only two values:
It is 0 when the kth visible photon produced by the nth
x-ray photon does not pass through the lens or 1 when the
photon reaches the CCD camera. The probability law on
bnk is

Pr~bnkuRn , Drnk , zn!

5 H pass~Rn 1 Drnk , Rnuzn!, bnk 5 1

1 2 pass~Rn 1 Drnk , Rnuzn!, bnk 5 0
. (2.21)
Each visible photon travels independently inside the lens,
so the multivariate density on $bnk% is the product of the
univariate densities on each bnk .

4. Point Process of Visible Photons in the Image
Because of aberrations, each passed visible photon is dis-
placed from the ideal image position on the image plane.
For a given photon (or ray) direction, this deviation is de-
terministic, but the photon directions are random. Thus
aberrations translate randomness of the incident direc-
tions ŝ starting from the position r on the exit surface of
the screen into randomness of the position displacements
Dr9 away from the ideal image positions r9 on the CCD
detector surface. Another 2D spatial stochastic process
is produced by this translated randomness.4 A sample
function of this process is

yg8~r9! 5 (
n51

N

(
k51

Kn

bnkd ~r9 2 rnk9 !, (2.22)

where rnk9 is the position on the detector plane of the kth
visible photon produced by the nth x-ray photon.

Because of the magnification of the lens, ideal image
positions are generally not the same as the corresponding
object positions. We can properly scale the sample func-
tions on the CCD detector plane to cancel the image mag-
nification. In particular, every position vector is divided
by the magnification so that the ideal image points coin-
cide with the corresponding object points. The resultant
sample function is expressed as

yg~r8! 5 (
n51

N

(
k51

Kn

bnkd ~r8 2 rnk8 !

5 (
n51

N

(
k51

Kn

bnkd ~r8 2 Rn 2 Drnk 2 Drnk8 !,

(2.23)

where Drnk8 is the scaled displacement from the scaled
ideal image point position that is the same as the object
point Rn 1 Drnk . This scaled process again can be
treated as a particular random amplification process with
the nonrandom gain equaling 1. The PDF of the dis-
placement equals its PRF pg(r8, ruR, z):

pg~R 1 Dr 1 Dr8, R 1 DruR, z ! 5 prDr8~Dr8uR, Dr, z !.
(2.24)

We note that the PRF is not the properly scaled con-
tinuous spot diagram from optical design softwares such
as CODEV or ZEMAX; the spot diagram is generated
from the particular incident direction distribution density
that is uniform in the direction tangent. Nor can we
compute the PRF from the product of the spot diagram
and the actual PDF of the direction. Analytically, we can
employ the transformation law to get the PDF of Dr8 from
the PDF of the ŝ inside the passing cone V(R 1 Dr). For
a given lens, any displacement Dr8 depends on the object
point position r and the incident direction ŝ before the
lens:

Dr8 5 Dr8~ ŝ, r! 5 Dr8~ ŝ, R 1 Dr!. (2.25)
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We should be aware that the conditional direction PDF in-
side the passing cone is the original PDF normalized by
the probability to be inside the cone:

prŝ~ ŝuR, Dr, z !

5
BTDF~R 1 Dr, ŝ, R, ẑuz !cos~u!

EE
V~R1Dr!

dV8BTDF~R 1 Dr, ŝ, R, ẑuz !cos~u8!

.

(2.26)

When finding the mean value of some function of the dis-
placement u(Dr8), we obtain the integral relation be-
tween the point-spread function pg and the conditional di-
rection PDF as

where the direction ŝ is chosen inside the passing cone
V(R 1 Dr). Whenever the angular space of passed ŝ is
mapped onto the Dr8 space, this integral relation is al-
ways true. We do not usually know the analytical ex-
pression of Dr8(ŝ, r) or r8(ŝ, r), but we can find precisely
r8(ŝ, r) with Snell’s law and geometric optics. Given a
group of randomly emanating photons corresponding to
proper direction density, computers can trace them
through the lens onto the CCD detector plane and auto-
matically produce the requested sample of the above for-
midable PDF of the scaled final displacement on the CCD.

5. Random Image Vector
The last step is to map this 2D continuous image function
yg(r8) into a 2D discrete image array g. Remember that
we ignore the electronic noise from the CCD for now, so
the final image array is

g 5 $gm , m 5 $1, 1%, $1, 2%,..., $M, M%%,

gm 5 EE
supp

d2r8g~r8!hm~r8!, (2.28)

where hm(r8) is the response function of the mth pixel.
This mapping from a continuous function to a discrete
vector can be denoted by a discretization operator D:

g 5 Dyg , (2.29)

@Dyg#m 5 EE
supp

d2r8yg~r8!hm~r8!.

(2.30)

Under the ideal CCD model, the response function is the
2D rectangle function centered at the corresponding pixel

E Èd2Dr8u~Dr8!prDr8~Dr8uR, Dr, z ! 5 EE
V~R1Dr!

dVu@Dr

5

EE
V~R1Dr!

dVu@Dr

EE
V~R1Dr!

dV
with the size of the pixel. Every response function has
the same size, and adjacent response functions have no
gap in between.

3. MERIT FUNCTION
Improving image quality is the central goal for imaging
system optimization such as lens design. A task-based
assessment of image quality is rooted in statistical deci-
sion theory, where the observer performance in the spe-
cific task is used to measure the image quality. The ma-
jor type of task of a mammographic imaging system is to
help diagnose breast tumors, which is a classification
task. Therefore the measure of the observer perfor-

mance in the classification task can be used as the merit
function for optimizing lens design.

A. Observer Performance
The observer is the strategy by which the task gets done.
Both human and computer algorithms can perform clas-
sification tasks, and the algorithms are called mathemati-
cal observers. Mathematical observers calculate the out-
come from some operation on the data, and the outcome is
called the test statistic. In addition to the test statistic,
mathematical observers also have a rule of dividing the
data space into several regions without ambiguity based
on the test statistic. Each region corresponds to a class
or hypothesis.

For a general L-class task, the Bayesian observer has
complete knowledge of the statistical information regard-
ing the task and uses that knowledge to make the best de-
cision. Thus the performance of the Bayesian observer
provides an upper bound for all the other observer perfor-
mances. It is also called the ideal observer. The test
statistic of the ideal observer (the likelihood ratio) is usu-
ally nonlinear in the data and difficult to implement.
Another type of observer has the linear test statistic t
5 Wtg in the data g, and the template W is a matrix.
The Hotelling observer is the optimal linear observer in
the sense that it maximizes the Hotelling trace. The Ho-
telling trace is a useful performance measurement that
calculates the separability of the classes. The expression
of the Hotelling trace in a two-class case is given in this
section.

The first task of mammographic imaging systems is to
make the decision between two hypotheses: tumor-
present H1 and tumor-absent H0 . For this binary or
two-class task, every mathematical observer uses a scalar
test statistic t and compares it with a threshold tc . The
observer makes decision D1 when the statistic is larger

r!#pr~ ŝuR, Dr, z !

r!#BTDF~R 1 Dr, ŝ, R, ẑuz !cos~u!

DF~R 1 Dr, ŝ8, R, ẑuz !cos~u8!

, (2.27)
8~ ŝ,

8~ ŝ,

8BT
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than the threshold; otherwise, the observer makes deci-
sion D0 . The conditional probability Pr(D1uH1) is called
the true positive fraction, and Pr(D1uH0) is called the
false positive fraction; they are both functions of the
threshold. We can plot the true positive fraction versus
the false positive fraction with the threshold as the
changing parameter. The plot is referred to as the re-
ceiver operating characteristic (ROC) curve. The area
under the ROC curve (AUC) can also be used as a perfor-
mance measure. The Hotelling observer for the binary
detection task has the template vector w as follows:

w 5 Kg
21Dḡ, (3.1)

Kg 5
1
2 ~K1 1 K0!, (3.2)

Dḡ 5 ḡ1 2 ḡ0 , (3.3)

where K1 , K0 , ḡ1 , and ḡ0 are the covariance matrices
and the mean image vector under each hypothesis, re-
spectively. The Hotelling trace is now JHot
5 4DḡtKg

21Dḡ. We define a new performance measure
called the Hotelling SNR as a quarter of the Hotelling
trace:

SNRHot
2 5 DḡtKg

21Dḡ. (3.4)

Only the first and second moments of the data appear in
the SNR definition, which relaxes the requirement for the
full conditional probabilities needed in the AUC calcula-
tion. When the test statistic is Gaussian distributed un-
der both hypotheses, the AUC can be monotonically
mapped to the SNR. The mapping is through the error
function

SNRHot 5 2 erf21~2 3 AUC 2 1 !. (3.5)

For non-Gaussian test statistics, the result of this map-
ping is called the detectability index dA .

Observers for the tumor detection task are usually ra-
diologists who look at the images formed by the mammo-
graphic system. The human observer’s AUC under this
task can be measured from psychophysical studies. This
experiment is limited by the resources and is very time-
consuming. We need a mathematical observer to model
the human observer to facilitate the performance mea-
surement. The ROC curve and the AUC are used to com-
pare the models. The channelized Hotelling observer is a
computationally feasible model whose ROC curve corre-
lates well with that of the human observer. The channel-
ized Hotelling observer was first introduced to medical
image quality assessment by Myers and Barrett.5 On
the basis of previous work in our group,6 the channelized
Hotelling observer can satisfactorily predict the human
observer performance in a wide range of situations when
the tumor profile is deterministic. The notion of chan-
nels in the human visual system has been studied inten-
sively in vision science for many years.7 Gabor functions
are widely used as one type of channel set. Several other
kinds of functions have been used instead of Gabor func-
tions. Difference of Gaussians (sometimes called
DOGs),8,9 a Gaussian-derivative model,10 the Laplacian
operator,11 and Cauchy functions12 have all been used in
the research. On the basis of these studies in vision re-
search, the introduction of the channels into the model of
the human observer has been successful in a variety of
circumstances.13–15

We will use the channelized Hotelling observer in our
study here. The observer applies the Hotelling observ-
er’s strategy on the channel output of the image. The
channel output is defined by the transformation u
5 Ttg, where each column of the matrix T represents the
spatial profile of a channel. The observer template is
given by

wch 5 T~TtKT!21TtDḡ, (3.6)

where K and Dḡ are defined in Eqs. (3.2) and (3.3). The
AUC of the channelized Hotelling observer is difficult to
get directly. By the central limit theorem, the test statis-
tic wtg is approximately normally distributed since it is a
linear combination of all the image vector elements. The
monotonic relationship between the SNR and the AUC in
Eq. (3.5) is approximately true. Because a monotonic
transformation preserves the performance order, we use
the SNR as the performance measure. The SNR on the
channel outputs is calculated as

SNRch
2 5 DḡtT~TtKT!21TDḡ. (3.7)

The SNR of the channelized Hotelling observer is the
task-based merit function to be used in this paper.

B. Merit Function Calculation
To compute the merit function, we need the first and sec-
ond moments of the image array ḡj and Kj under both hy-
potheses j 5 0, 1. According to the relations among all
the random variables, we should average from the bottom
up. Similar analyses can be found in Refs. 1–3 and 16.
The procedure is as follows:

1. Average over $Drnk8 % for fixed Rn , zn , and $Drnk%
with density [Eq. (2.27)],

2. average over $bnk% for fixed Rn , zn , and $Drnk%
with density [Eq. (2.21)],

3. average over $Drnk% for fixed Rn and zn with den-
sity [Eq. (2.14)],

4. average over Kn for fixed Rn and zn ,
5. average over zn for fixed f with density [Eq. (2.4)],
6. average over Rn for fixed f with density [Eq. (2.3)],
7. average over N for fixed f with the Poisson density

law, and
8. average over f.

We will follow this procedure in the calculations of both
the mean image vector and the image covariance matrix.

The mean image vectors and the covariance matrices
are given by the following (see Appendix A or Chap. 11 in
Ref. 1 for the derivation):
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ḡ 5 Dyḡ, (3.8)

yḡ~r8! 5 @H1 f̄ #~r8!, (3.9)

Kg 5 DKgD†, (3.10)

Kg~r18 , r28 ! 5 @H1 f̄ #~r28 !d ~r18 2 r28 !

1 @H2 f̄ #~r18 , r28 !

1 @H1KfH1
† #~r18 , r28 !, (3.11)

where D is the discretization operator in Eq. (2.30). The
linear operators H1 and H2 are defined as

@H1 f̄ #~r8! 5 EE
supp

d2Rf̄~R!ptot~r8, R!, (3.12)

ptot~r8, R! 5
1

dx
E

0

d

dz exp~2d/dx!ptot~r8, Ruz !,

(3.13)

ptot~r8, Ruz ! 5 EÈd2rpd~r, Ruz !pass

3 ~r, Ruz !pg~r8, ruR, z !, (3.14)

@H2 f̄ #~r18 , r28 ! 5
1

dx
EE

supp
d2Rf̄~R!E

0

d

dz

3 exp~2z/dx!Q~R, z !ptot

3 ~r18 , Ruz !ptot~r28 , Ruz !, (3.15)

Q~R, z ! 5
m2 2 m̄

m̄2
, (3.16)

@H1KfH1
† #~r18 , r28 ! 5 EE

supp
EE

supp
d2R1d2R2ptot

3 ~r18 , R1!Kf~R1 , R2!ptot~r28 , R2!,

(3.17)

where f is the x-ray fluence; m is the number of visible
photons produced by an x-ray photon absorbed at position
R and depth z; and pd , pass, and pg are given in Eqs.
(2.13), (2.19), and (2.24), respectively. The conditional to-
tal PRF ptot(r8, Ruz) at depth z and the overall total PRF
ptot(r8, R) describe the total blur effect on the final image
by the whole imaging system. The mean number of vis-
ible photons produced by an absorbed x-ray photon m̄ is
not necessarily the same as the mean number of second-
aries per primary K̄(R, z) in the incident visible photons
stage because there may be visible light loss inside the
screen due to the visible light absorption and light leak-
age through the edges. The visible light loss mechanism
can depend on the position and depth, but m is usually
well approximated as independent of them. The Q factor
can thus be a constant as well. The Q factor is related to
the Swank factor S used to describe the fluorescent screen
in x-ray imaging.1,17 The Swank factor is defined as the
ratio of the squared mean gain and the second moment of
the gain, S 5 m̄2/m2. The Q factor can be found by the
following formula:
Q 5
1

S
2

1

m̄
. (3.18)

If we denote the x-ray fluence after normal breast tis-
sue as the background b(r), the tumor can be the additive
x-ray fluence with the profile s(r), so the x-ray fluence af-
ter tumor-present tissue is denoted as b 1 s. In the sta-
tistical decision theory, the tumor is the signal we want to
detect. In the signal-known-exactly case, the signal pro-
file s is nonrandom, whereas the background b can be ran-
dom. The ensemble-average object function and the co-
variance function are b̄ and Kb under the signal-absent
hypothesis H0 ; they are b̄ 1 s and Kb under the signal-
present hypothesis H1 . The SNR of the channelized Ho-
telling observer is readily derived from the formulas
above. Note that all the operators involved are linear, so
additions can interchange with these linear operators and
work directly on the fluences. Specifically,

SNRch
2 5 DḡtT~TtKT!21TDḡ, (3.19)

Dḡ 5 DDyḡ 5 DH1Df, (3.20)

Df 5 s, (3.21)

K 5 DF1

2
~K1 1 K0!GD†, (3.22)

1
2 ~K1 1 K0! 5 @H1~ b̄ 1

1
2 s !#d ~r18 2 r28 !

1 @H2~ b̄ 1
1
2 s !# 1 H1KbH1

† .

(3.23)

Expanding the compact expressions, we are able to see
the details underneath. The ith element of the difference
of the mean image vector Dḡ is

@Dḡ# i 5 EE d2r8@H1s#~r8!hi~r8!

5 EE d2Rs~R!EE d2r8ptot~r8, R!hi~r8!.

(3.24)

We write the ijth element of the matrix K in three parts,
as follows:
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Kij 5 EE d2r8FH1S b̄ 1
1

2
s D G ~r8!hi~r8!hj~r8!

1 EEEE d2r18d2r28FH2S b̄ 1
1

2
s D G

3~r18 , r28 !hi~r18 !hj~r28 !

1 EEEE d2r18d2r28~H1KbH1
† !

3~r18 , r28 !hi~r18 !hj~r28 !

5 EE d2RF b̄~R! 1
1

2
s~R!G

3 EE d2r8ptot~r8, R!hi~r8!hj~r8!

1 EE d2RF b̄~R! 1
1

2
s~R!G 1

dx

3 E
0

d

dz exp~2z/dx!Q~R, z !

3 EE d2r18ptot~r18 , Ruz !hi~r18 !

3 EE d2r28ptot~r28 , Ruz !hj~r28 !

1 EEEE d2R1d2R2Kb~R1 , R2!

3 EE d2r18ptot~r18 , R1!hi~r18 !

3 EE d2r28ptot~r28 , R2!hj~r28 !. (3.25)

The two formulas in Eqs. (3.24) and (3.25) are the basis
for the following numerical computation.

4. NUMERICAL CALCULATION
We should not get lost in the messy expressions above.
Instead, we can see that all the system’s information is
encapsulated into ptot(r8, Ruz) and Q(R, z). The object
randomness is separated out in the mean b̄ and the cova-
riance function Kb . Thus when we design the system, all
we need to consider are the two functions that describe
the system. Moreover, the definition of Q(R, z) implies
its constant nature since the conversion number m is in-
dependent of the absorption depth z and the position R.
There is only one function left, the total PRF ptot(r8, Ruz).
Since the pixels in a CCD do not overlap, the first part of
the covariance matrix is a diagonal matrix with the ele-
ments as DH1f. In fact, we need only the numerical
simulation of the integral ** d2r8ptot(r8, Ruz)hi(r8).

The total PRF ptot(r8, Ruz) contains three parts: the
spatial point-spread function of the screen pd(r, Ruz), the
passing probability of a visible photon pass(r, Ruz) at r
with its parent x-ray photon at R, and the PRF of the op-
tical imaging system pg(r8, ruR, z). By the PDF of the
displacement given in Eq. (2.27) on the CCD detector
plane, the integral can be written as

EE d2r8ptot~r8, Ruz !hi~r8!

5 EE d2r8EE d2rpd~r, Ruz !

3 pass~r, Ruz !pg~r8, ruR, z !

5 EE d2rpd~r, Ruz !pass~r, Ruz !

3 EE d2Dr8prDr~Dr8ur, R, z !hi~r 1 Dr8!

5 EE d2rpd~r, Ruz !pass~r, Ruz !

3 EE
V~r!

dVprŝ~ ŝur, R, z !hi(r 1 Dr8~r 1 R, ŝ!).

(4.1)

When referred back to the expressions of pd , pass, and
pr ŝ in Eqs. (2.13), (2.19), and (2.18), the final integral
form used in the Monte Carlo calculation is

EE d2r8ptot~r8, Ruz !hi~r8!

5 K̄~R, z !EE

3 d2r

EE
2p

dV8BTDF~r, ŝ8, R, ẑuz !

EÈd2r8EE
2p

dV8BTDF~r8, ŝ8, R, ẑuz !

3 EE
V~r!

dV
BTDF~r, ŝ, R, ẑuz !

EE
2p

dV8BTDF~r, ŝ8, R, ẑuz !

3 hi(r 1 Dr8~ ŝ, r!). (4.2)

The first fraction is the spatial marginal of the BTDF and
the second one is the angular part for the given spatial
position. The optical system manifests itself in the inte-
gration area V(r) and the transformation Dr8(ŝ, r). The
mean gain of the screen K̄ can also be independent of the
x-ray absorption position R and the depth z to the first ap-
proximation. The inner and outer integrals can be com-
puted with a Monte Carlo method, where the position vec-
tors r and the direction vector ŝ of a visible photon can be
sampled from the corresponding densities. To find the
displacement Dr8 on the CCD, we can employ a
geometrical-optical ray-tracing routine to trace a ray
starting at r and propagating into ŝ from the screen.
Since we need only the K̄ and Q, the entire PDF of the
gain is not necessary.

The above integral contains the entire system and is
critical for the optimization of the system. The rest of
the SNR calculation is about the objects to be observed.
In the statistical description of objects, the entire density
is again not necessary; rather, only the first two moments
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for the Hotelling observer are necessary. In fact, only the
mean and the covariance function of the background are
needed since the signal is deterministic.

The clustered lumpy background is a way of generating
textures that simulate real mammograms while still be-
ing analytically trackable.18 It is generated when we
first select a random number of cluster centers in the ob-
ject area. Then each cluster center is replaced by a ran-
dom number of blob centers according to a certain distri-
bution density about the center. Finally, there is a blob
centered at each blob position. The shapes of the blob
profiles have the same functional forms but different pa-
rameters. The shape is elliptical with random orienta-
tion. This random background is a wide-sense stationary
background with constant mean function and shift-
invariant covariance function. A sample function is
shown in Fig. 2.

A. Positive Semidefinite Functions
To evaluate the performance of the channelized Hotelling
observer, we can compute the squared SNR directly. We
are not calculating sample covariance matrices but are
using the numerical integral to calculate directly the ele-
ments of the covariance matrix. The natural guarantee
of positivity of the estimated SNR square is lost in our
method. The positive semidefiniteness of the average co-
variance function ensures the nonnegativity of the
squared SNR. The direct Monte Carlo method cannot
guarantee the positive definiteness because small devia-
tions in the elements of the matrix usually break it. Tak-
ing a look at the covariance function expression again, we
find it is important to ensure the positive semidefinite-
ness of the background covariance function in the numeri-
cal computation. The theory of the positive semidefinite
functions and their construction is beyond the scope of
this paper. A detailed discussion on this issue can be
found in Refs. 1 and 19–21.

The covariance function of the clustered lumpy back-
ground Kb(R1 , R2) is shift invariant since the back-
ground is stationary. In fact, we can find a real-valued
symmetric function F(R) to construct the covariance func-
tion in the following form:

Kb~R1 2 R2! 5 EE d2RF~R1 2 R!F~R 2 R2!.

(4.3)

The exact expression for the function F(r8) is derived in
Appendix C. With this function, the third term of the co-
variance matrix of the final image is given as

Fig. 2. Two samples of the clustered lumpy background.
Kij
~3 ! 5 EE d2REEEE d2r18d2R1F

3 ~R1 2 R!ptot~r18 , R1!hi~r18 !

3 EEEE d2r28d2R2F~R2

2 R!ptot~r28 , R2!hj~r28 !, (4.4)

where Kij
(3) is the ijth element of the third term of the co-

variance matrix. The set $**** d2r18d2R1F(R1 2 R)
3 ptot(r18 , R1)hi(r18)% composes n2 3 1 column vector
functions. The matrix function given by the product of
the vector function and its transpose is thus a positive-
definite matrix. The integral of this positive-definite ma-
trix over its argument is the third term of the image co-
variance matrix and therefore is positive definite. We
then perform the Monte Carlo integration over the vector
function directly to get the sample function. After the
above procedure, the resultant estimate of the third term
is always positive definite.

B. Channel Profiles
We use the radially symmetric difference-of-Gaussian
channels in this study because the signal profiles in the
image are close to radially symmetric. The channel pro-
files are described in terms of the Fourier-transform space
of the original 2D space:

Cj~r! 5 expF2
1

2 S r

As j
D 2G 2 expF2

1

2 S r

s j
D 2G , (4.5)

where r is the radial spatial-frequency variable. The
standard deviation of each channel is defined by s j
5 s0a j from an initial value s0 . The multiplicative fac-
tor A . 1 defines the bandwidth of the channel. We then
implement the channels in the discrete image space by
using the inverse Fourier transform followed by a digiti-
zation operator D defined above. To compare the re-
sponse of each channel, the channel profile is normalized
so that 2p* dr8r8tj(r8)2 5 1, where tj(r8) is the spatial
sensitivity function calculated as the inverse Fourier
transform of Cj(r).

5. RESULTS AND DISCUSSIONS
The clustered lumpy background has the same param-
eters throughout the simulation. The characteristic
lengths of each blob before any random rotation are Lx
5 1.5 mm and Ly 5 0.6 mm. The mean number of blobs
per cluster is Kblob 5 20, and the mean number of the
clusters per square centimeter is Ncluster 5 10.17 cm22.
The average number of blobs Kblob should not be confused
with the mean number of secondaries per primary K̄ in
the previous discussion. The adjustable coefficients in
the blob’s exponent are a 5 3.6373 mm1/2 and b 5 0.5.
The standard deviation of the distribution density of the
blob centers inside a cluster is sf 5 3.6 mm. The signal
we used is a Gaussian-profile blob with the standard de-
viation of s 5 1.0 mm. The maximum signal level at its
center is 10% of the mean background level. A unit level
in the background and signal corresponds to
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58.1 x-ray photons so that the exposure on the screen is
comparable to the typical screen-film mammographic sys-
tem with a grid that is ;9.5 mR.22

The parameters of the fluorescent screen are primarily
from the Kodak company’s mammographic screens, which
use gadolinium oxysulfide activated with terbium as the
phosphor. The size of the screen is 24 cm 3 30 cm, and
the thickness is 84 mm. The x-ray absorption coefficient
is ax 5 1.3 cm21. On average, each absorbed x-ray pho-
ton in the mammographic range produces 1000 visible
photons that can come out of the exit surface of the screen
regardless of the absorption depth. To get the Q factor in
the screen model, we need the Swank factor S.23 The
value S for this screen is 0.8.24 To a first approximation,
the generalized BTDF can be the product between the
separate spatial part and the angular part. The angular
part is independent of the spatial information. We ap-
proximate the spatial distribution density of the visible
photons as Gaussian with the standard deviation equal to
the absorption depth. The angular distributions on all
spatial positions are assumed to follow the Lambertian
approximation.

The imaging lens is the part containing changing pa-
rameters. We will study the effects of these parameters
on the image quality defined by the SNR of the channel-
ized Hotelling observers. There is a folding mirror be-
tween the screen and the lens to prevent the x-ray pho-
tons from striking onto the CCD camera directly. In the
simulation, the mirror is unfolded and not included in the
ray-tracing routine.

The CCD camera has 128 3 128 pixels with a pixel size
of 50 mm 3 50 mm. The quantum efficiency is unity, and
there are no gaps among adjacent pixels. This simple
model of an ideal CCD camera is adequate for our simu-
lation.

The channels used in the observer model are the dense
difference-of-Gaussian channels mentioned in Abbey and
Barrett’s study.6 This model uses ten channels. The ra-
dial frequency profile of the jth channel is the difference
of the two Gaussians. The initial standard deviation in
frequency is s0 5 0.005 pixel21, and the ratio of adjacent
standard deviations is a 5 1.4. The multiplicative factor
defining the bandwidth of the channel is A 5 1.67.

The signal position changes from an on-axis spot up to
the edge of the screen. The signal position is known to
the observer so that the center of the channel set is on the
image of the signal center each time. When the magni-
fication is not large enough to cover the full screen in a
single CCD shot, we will move the CCD accordingly until
the edge is imaged. Each time the CCD camera is
shifted, the signal to be imaged will be guaranteed to be
within the CCD detector and not too close to the
boundary.

The first experiment is to study the effect of the aper-
ture size of the lens. The plots of SNR versus signal po-
sition at different aperture sizes are shown in Fig. 3, and
the corresponding spot diagrams at four different fields
are shown in Fig. 4. The CCD camera is at the minimum
rms point size position, which is commonly called the best
focus position. An iris is used on the stop to control the
numerical aperture of the lens. With the parameters un-
changed, except for the iris diameter, the aperture size of
the imaging system can be controlled. The CCD camera
remains at the minimum rms spot size position as the ap-
erture size is changed throughout this experiment.
When the iris is opened up, the light throughput becomes
larger so that the exposure during the same time interval
becomes larger. The relatively large demagnification of
the lens cuts off a large portion of the light by the rela-
tively small numerical aperture in object space. The vis-
ible light that finally gets onto the CCD detector is so dim
that it makes the Poisson noise from the x-ray photons in-
significant. Instead, the lens becomes the quantum sink.
Larger exposure generally improves the discrimination
ability of observers because it makes the lens less of a
quantum sink. Meanwhile, more aberrations are intro-
duced into the image and make the images more blurred.
The signal is gradually smeared into the background by
more and more blur. Blurring effects are usually detri-
mental to the observer’s ability to pick a signal out of the
background. The trade-off between the exposure and the
blur, i.e., between the numerical aperture and the aberra-
tion, can be defined quantitatively by a certain aperture
size, which makes the observer have the highest SNR.

In this experiment, we vary the object-space numerical
aperture from 0.005 up to 0.055, which corresponds to
f-numbers from 10 down to 0.91. The SNR curves versus
the signal position are compared in all f-number cases.
From Fig. 3, the SNR increases with decreasing f-number
at all fields in the f-number range from 10 to 2. The en-
hancement in the SNR demonstrates that the flux in-
crease improves the observer performance at the rela-
tively small apertures. From f-number 2 to under 1, the
SNR has only limited increase at first and then is maxi-
mized at ;f/1. Although we cannot open the aperture
further, we can already observe the saturation of the SNR
at around f/1. In this case, decreasing the f-number fur-
ther will not help in detecting signals. The maximum
SNR curve numerically defines the best f-number for this
lens design. This f-number quantitatively indicates the
balancing point between the flux and the aberrations in
the task-based manner.

At the same f-number, the aberration changes with
changing field, although the exposure is almost the same
within a 10° field of view in this Lambertian condition.

Fig. 3. SNR plots at different aperture sizes. The signal posi-
tion is measured from the optical axis on the entrance surface of
the screen. The image plane position is unchanged in all cases.
The aperture size is in terms of the numerical aperture in object
space.
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Fig. 4. Spot diagrams at four fields of different aperture sizes. The field position is in terms of the radial distance from the optical axis
on the image plane.
Therefore the aberration differences are the main reason
for the SNR differences at the different signal positions
given any single f-number. However, from the largest
f-number at 10 down to 2, each SNR curve is almost flat.
From the spot diagram plots, the spot size is limited to ap-
proximately 2 3 2 pixels throughout the full range of the
field of view. Therefore the observer performance is in-
sensitive to the aberration changes when the spot width
is within ;2 pixels. From f-number 2 to under 1, the
SNR is not flat but has a maximum at ;0.7 field. From
the spot diagrams, the spot size generally increases with
the decreasing f-number and has a minimum at ;0.7
field. Most of the spots are wider than 2 pixels, which
means that the observer performance is sensitive to the
aberration when the spot size is beyond the 2-pixel limit.
Looking at the 0.7 field in the spot diagrams, we find that
the spot sizes are still around 2 pixels at different
f-numbers. The trend of the SNR increasing with de-
creasing f-numbers is again observable at that field.
Away from the 0.7 field, both aberration and exposure
have visible effects on observer performance. Even
though the spot size is less in the far off-axis field than in
the near-axis field, the SNR is higher in the near-axis
field than that far from the axis. This is because vignett-
ing begins to reduce the exposure in the off-axis field at a
low f-number, and the SNR enhancement from the
smaller spot size is overcompensated by the SNR decrease
from less exposure.

The second experiment is to study the effect of the
working distance change of the same lens. The SNR
plots at different working distances are shown in Fig. 5,
and the corresponding spot diagrams are shown in Fig. 6.
We choose the f/0.91 lens design from the above experi-
ment since it yields the best observer performance. Each
time we change the working distance, the lens is adjusted
to the best focus position for that working distance. The
closer the object is to the lens, the farther the CCD cam-
era is from the lens and the higher the absolute magnifi-
cation value. The magnification of the imaging system
varies monotonically with the working distance, so we use
the magnification to denote the working distance. At the
designed working distance, the magnification is 20.10.
This experiment examined the SNR changes at the differ-
ent magnifications from 20.07 to 20.13. Because of the
large demagnification used, the change in the working
distance is much smaller than the distance between the
screen and the lens. The observer’s performance varies
considerably in spite of the small changes in the working
distance.

The flux becomes larger when the absolute magnifica-
tion is increased because the solid angle viewed from the
object plane becomes larger with the increased working
distance. At the close-to-axis field range, the SNR curves
decrease with the increasing absolute magnifications. In
this field range, the spot size quickly increases when the
absolute magnification becomes larger. The SNR drop
shows that the small improvement in observer perfor-
mance by the flux increase cannot overcome the negative

Fig. 5. SNR plots at different working distances. The signal
position is measured from the optical axis on the entrance sur-
face of the screen. The aperture size is unchanged in all cases,
with a numerical aperture of 0.055. The working distance is in
terms of the magnification.
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effects of blurring. At a lower absolute magnification
portion, the curves are largely overlapped with an insig-
nificant decreasing trend with increasing absolute magni-
fications. From the spot diagrams, the spot sizes are
within the 2-pixel width limit in this portion. Therefore
the observer performs similarly since the flux difference is
small. When we extend to the far off-axis field region,
the changing trend of the SNR curves versus the magni-
fications reverts, with the SNR becoming higher at the
higher absolute magnification. For magnifications lower
than 0.1, the SNR increases quickly when the absolute
magnification becomes larger. For the cases when the
absolute magnifications are higher than 0.1, the SNR
curves are very close. The spot size now has a minimum
at the magnification 20.1 and increases toward both
ends. Therefore the rapid improvement in observer per-
formance below the magnification 20.1 indicates the help
from both the decreasing spot size and the increasing flux.
When the absolute magnification is larger than 0.1, the
detrimental effects from the increased spot size balance
the positive effects from the flux, and observer perfor-
mance remains the same. At ;0.7 field, the spot sizes
vary little among different working distances, which
makes the SNR almost unchanged.

When the absolute magnification is small, the SNR
curves are relatively flat at the close-to-axis field range
and generally go downward at the far off-axis field region.
This is because the observer can tolerate the aberrations
within 2-pixel-wide spots, which is true in the near-axis
field. At the higher absolute magnification area, the ef-
fects from the aberrations become visible, and the ob-
server performs best at ;0.7 field since the spot sizes are
minimum there. Although the spot sizes are obviously
different between the full field and the zero field, the ob-
server performs similarly. This indicates that the effects
of aberration should be more than just the effects of the
spot size.

In this experiment, both the flux and the aberration
clearly affects the observer performance. The spot size is
only a coarse summary on the effect of the aberrations.
More detailed effects by the aberration should not be
overlooked. We can select the working distance based on
the region where the signal will show up. Above all,
there is only a small improvement in the near-axis fields
and a larger drop in the far off-axis fields at the small ab-
solute magnifications, and there is nearly no improve-
ment in all fields at large absolute magnifications. We
should consider the original designed working distance as
the best among all choices.

The last experiment is on the focus shift of the lens.
The SNR plots at different image plane positions are
shown in Fig. 7, and the corresponding spot diagrams are
shown in Fig. 8. On the basis of the first two experi-
ments, we wanted to study the effect of the aberration
alone. We designed the third experiment since the defo-
cus is the most convenient way to control the blur size of
the imaging lens. Also, we can check whether the best
focal plane defined by the smallest rms spot size is the

Fig. 7. SNR plots at different image plane positions. The sig-
nal position is measured from the optical axis on the entrance
surface of the screen. The aperture size is unchanged in all
cases. The defocus is in terms of the distance from the ideal im-
age plane in image space.
Fig. 6. Spot diagrams at four fields of different working distances. The field position is in terms of the radial distance from the optical
axis on the image plane.
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Fig. 8. Spot diagrams at four fields of different image plane positions. The field position is in terms of the radial distance from the
optical axis on the image plane.
best in the task-based sense. In this experiment, we
again use the f/0.91 lens from the first experiment. The
defocus is in terms of a CCD detector plane shift from the
best focal plane. The shift ranges from 2200 to 400 mm,
where the negative shift means moving the CCD toward
the lens, and the positive shift means moving it away.
Now the fluxes in all the cases are the same. At the
near-axis field region, the SNR becomes smaller when the
CCD camera is moved closer to the lens. When the focus
shift is between 100 and 300 mm, the SNR stays close and
almost always remains at the maximum. When going
out to the far off-axis field region, the SNR increases
when the CCD camera is moved closer to the lens. When
the shift is positive, the SNR curves overlap and remain
at the upper bound. The complicated changes in SNR
are related to the complex blurs by the different amounts
of aberrations. From the spot diagrams, the SNR change
can be explained approximately by the rms spot size, but
we can also see the effect from the further details of ab-
errations. For the spots at the far off-axis field region
and the negative focus shift, the rms spot size increases
when moving closer to the lens, while the SNR is almost
the same. This indicates that the tail in the spot does
not affect the observer performance, even though it con-
tributes to the rms spot size. A similar situation hap-
pens in the near-axis field region and the moderate posi-
tive focus shift; the tail around a much darker center has
little effect on the SNR. On the basis of these observa-
tions, the rms spot size is not a very pertinent measure of
the position of the best focus. In fact, we can see that the
best focal plane should be moved a little farther away
from the lens, within 100 mm from the rms best focal
plane, as can be seen from the SNR curve of the 100-mm
focus shift in Fig. 7.

6. CONCLUSIONS
From our simulation, the task-based lens design merit
function in terms of the SNR of the channelized Hotelling
observers can quantitatively take into account not only
aberrations but also the flux and noise. The designers’
subjective opinion on the relationship between the aber-
ration and other facts of the design is eliminated. The
connection is instead numerically established based on
statistical signal detection theory and the mathematical
human vision model through the channelized Hotelling
observer. We therefore call this SNR an objective or
task-based design criterion. To our knowledge, this is
the first time the observer’s performance has been intro-
duced into the lens design.

We should note that the conclusions in this work, such
as the best f-number at ;1.0 and the observer’s tolerance
at 2-pixel-wide spots, are pertinent only to the mammo-
graphic imaging condition. Objective performance mea-
sures are critically determined by the relevant flux level
and noise characteristics together with the base lens type.

APPENDIX A: MEAN IMAGE VECTOR
The discrete mean image array ḡ is given when the op-
erator D is applied to the continuous mean image function
^ yg(r8)&:

ḡ 5 K EE
supp

yg~r8!h~r8!d2r8L
5 EE

supp
^ yg~r8!&h~r8!d2r8 5 D(^ yg~r8!&), (A1)

where h(r8) is the vector whose elements are the pixel re-
sponse functions $hi(r8)%.

The calculation of ^ yg(r8)& is performed as follows:

1. Average over the displacement on the CCD detector
plane $Drnk8 %:

^ yg~r8!&$Drnk8 % 5 (
n

(
k
EÈd2rnk8 bnkd

3 ~r8 2 Rn 2 Drnk 2 Drnk8 !

3 pg~Rn 1 Drnk 1 Drnk8 , Rn

1 DrnkuRn , zn!

5 (
n

(
k

bnkpg~r8, Rn 1 DrnkuRn , zn!.

(A2)
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2. Average over $bnk%:

^ yg~r8!&~bnk! 5 (
n

(
k

^bnk&pg~r8, Rn 1 DrnkuRn , zn!

5 (
n

(
k

pass~Rn 1 Drnk , Rnuzn!pg~r8, Rn

1 DrnkuRn , zn!. (A3)

3. Average over the displacements on the exit surface
of the screen $Drnk%:

^ yg~r8!&~Drnk!

5 (
n

(
k
EÈd2rnk pass ~Rn 1 Drnk , Rnuzn!

3 pg~r8, Rn 1 DrnkuRn , zn!

3 Kn~Rn , zn!21pd~Rn 1 Drnk , Rnuzn!

5 (
n

Kn~Rn , zn!21(
k
EÈd2rpd~r, Rnuzn!

3 pass~r, Rnuzn!pg~r8, ruRn , zn!

5 (
n

Kn~Rn , zn!21Kn~Rn , zn!EÈd2rpd~r, Rnuzn!

3 pass~r, Rnuzn!pg~r8, ruRn , zn!. (A4)

4. Average over the gains $Kn%:

^ yg~r8!&$Kn% 5 (
n
EÈd2rpd~r, Rnuzn!

3 pass~r, Rnuzn!pg~r8, ruRn , zn!.

(A5)

5. Average over the absorption depth $zn%:

^ yg~r8!&~zn! 5 (
n
E

0

d

dzn

1

dx
•

exp~2zn /dx!

1 2 exp~2d/dx!

3 EÈd2rpd~r, Rnuzn!

3 pass~r, Rnuzn!pg~r8, ruRn , zn!.

(A6)

6. Average over the absorption positions of x-ray pho-
tons $Rn%:
^ yg~r8!&~Rn!

5 (
n
EE

supp
d2Rn

f~Rn!

EE f~R!d2R

3 E
0

d

dzn

1

dx
•

exp~2zn /dx!

1 2 exp~2d/dx!

3 EÈd2rpd~r, Rnuzn!

3 pass~r, Rnuzn!pg~r8, ruRn , zn!

5
1

dxN̄~ f !
(

n
EE

supp
d2Rnf~Rn!E

0

d

dzn

3 exp~2zn /dx!

3 EÈd2rpd~r, Rnuzn!

3 pass~r, Rnuzn!pg~r8, ruR, zn!

5
N~ f !

dxN̄~ f !
EE

supp
d2Rf~R!E

0

d

dz exp~2z/dx!

3 EÈd2rpd~r, Ruz !pass~r, Ruz !pg~r8, ruR, z !.

(A7)

7. Average over the number of absorbed x-ray photons
N:

^ yg~r8!&N 5 EE
supp

d2Rf~R!E
0

d

dz
1

dx
exp~2z/dx!

3 EÈd2rpd~r, Ruz !

3 pass~r, Ruz !pg~r8, ruR, z !. (A8)

8. Average over the x-ray fluence before the entrance
surface of the screen f:

^ yg~r8!&N 5
1

dx
EE

supp
d2Rf̄~R!E

0

d

dz exp~2z/dx!

3 EÈd2rpd~r, Rnuz !

3 pass~r, Rnuz !pg~r8, ruR, z !. (A9)

We define a conditional total PRF ptot(r8, Ruz), an over-
all total PRF ptot(r8, R), and a linear operator H1 :

ptot~r8, Ruz ! 5 EÈd2rpd~r, Ruz !

3 pass~r, Ruz !pg~r8, ruR, z !,

(A10)

ptot~r8, R! 5
1

dx
E

0

d

dz exp~2d/dx!ptot~r8, R!,

(A11)



164 J. Opt. Soc. Am. A/Vol. 22, No. 1 /January 2005 L. Chen and H. H. Barrett
@H1f #~r8! 5 EE
supp

d2Rf̄~R!ptot~r8, R!.

(A12)

The mean image array is

ḡ 5 @DH1 f̄ #. (A13)

APPENDIX B: COVARIANCE MATRIX
The covariance matrix Kg can be deduced from the auto-
correlation matrix Rg and the mean image vector ḡ:

Kg 5 Rg 2 ^g&^g& t. (B1)

With the help of the operator D, we can also obtain the
autocorrelation matrix Rg out of the autocorrelation func-
tion Rg(r18 , r28):

Rg 5 ^ggt&

5 K EE d2r18yg~r18 !h~r18 !EE d2r28yg~r28 !ht~r28 !L
5 EEEE d2r18d2r28h~r18 !ht~r28 !^ yg~r18 !yg~r28 !&

5 @DRg~r18 , r28 !D†#. (B2)

The exact expression for the autocorrelation function is

Rg~r18 , r28 ! 5 K(
n1

(
k1

bn1k1
d ~r18 2 Rn1

2 Drn1k1

2 Drn1k1
8 !(

n2
(
k2

bn2k2
d

3 ~r28 2 Rn2
2 Drn2k2

2 Drn2k2
8 !L .

(B3)

In the double sum over n1 and n2 , there are N terms with
n1 5 n2 and N2 2 N terms with n1 Þ n2 . For n1
5 n2 , there are also Kn terms with k1 5 k2 and Kn

2

2 Kn terms with k1 Þ k2 . For n1 Þ n2 , it is irrelevant
whether k1 5 k2 . Hence there are three cases to con-
sider:

Case 1: n1 5 n2 and k1 5 k2 . The calculation par-
allels the derivation of the mean image array. The con-
tribution from this part is

@Rg~r18 , r28 !#1 5 @H1b#~r28 !d ~r18 2 r28 !. (B4)

Case 2: n1 5 n2 and k1 Þ k2 . In this case, Drnk1
8

and Drnk2
8 are independent, as are Drnk1

and Drnk2
. The

result from step (3) in Appendix A is

@Rg~r18 , r28 !#2 5 (
n

Kn
2 2 Kn

^Kn&2
ptot

3 ~r18 , Rnuzn!ptot~r28 , Rnuzn!. (B5)

Averaging over Kn in the next step requires ^Kn(Rn , zn)&
and ^Kn

2(Rn , zn)&. Although we do not know the PDF of
Kn , we can still go a little further because Kn is from the
binomial selection of m(Rn , zn), which is the total num-
ber of visible photons generated by the nth x-ray photon.
The probability of a visible photon to come out of the
screen is denoted by A(Rn , zn):

PrKn
~Kn! 5 F m

Kn
GAKn~1 2 A !m2Kn, (B6)

Kn 5 m̄A, (B7)

^Kn
2 um& 5 mA~1 2 A ! 1 m2A2, (B8)

^Kn
2& 5 m̄A~1 2 A ! 1 m2A2, (B9)

Q~Rn , zn! [
Kn

2 2 Kn

Kn
2

,

5
m̄A~1 2 A ! 1 m2A2 2 m̄A

m̄2A2
,

5
m2 2 m̄

m̄2
. (B10)

With the function Q(Rn , zn) introduced above, the re-
sult from step (4) in Appendix A is

@Rg~r18 , r28 !#2 5 (
n

Kn
2 2 Kn

Kn
2

ptot

3 ~r18 , Rnuzn!ptot~r28 , Rnuzn!

5 (
n

Q~Rn , zn!ptot~r18 , Rnuzn!ptot

3 ~r28 , Rnuzn!. (B11)

The remaining steps now yield

@Rg~r18 , r28 !#2EE
supp

d2Rf̄~R!E
0

d

dz
1

dx

3 exp~2z/dx!Q~R, z !

3 ptot~r18 , Ruz !ptot~r28 , Ruz !. (B12)

We can express this term more compactly by defining a
linear operator H2 :

@H2 f̄ #~r18 , r28 ! 5 EE
supp

d2Rf̄~R!E
0

d

dz
1

dx

3 exp~2z/dx!Q~R, z !ptot

3 ~r18 , Ruz !ptot~r28 , Ruz !. (B13)

This part of the autocorrelation function is therefore
expressed as

@Rg~r18 , r28 !#2 5 @H2 f̄ #~r18 , r28 !. (B14)

Case 3: n1 Þ n2 . If n1 Þ n2 , and considering the
independence between Drn1 ,k1

and Drn2 ,k2
, there is no

correlation between Rn1
and Rn2

except possible random-
ness induced by f(R). For any fixed f, step (6) in Appen-
dix A gives
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@Rg~r18 , r28 !#3 2
N2~ f ! 2 N~ f !

N̄2~ f !
@H1f #~r18 !@H1f #~r28 !.

(B15)

Since N is a Poisson random variable at the fixed flu-
ence f, we know that

^N2 2 Nub& 5 Var~Nu f ! 1 N̄2~ f ! 2 N̄~ f ! 5 N̄2~ f !.
(B16)

From step (7) of Appendix A, we have

@Rg~r18, r28#3 5 @H1f #~r18!@H1f #~r28!. (B17)

After step (8) in Appendix A, this case yields

@Rg~r18 , r28 !#3 5 @H1RfH1
† #~r18 , r28 !. (B18)

By adding the Eqs. (B4), (B12), and (B18) together, we
find that the autocorrelation function is

Rg~r18 , r28 ! 5 @H1 f̄ #~r28 !d ~r18 2 r28 ! 1 @H2 f̄ #~r18 , r28 !

1 @H1RfH1
† #~r18 , r28 !. (B19)

Because the operator H1 is linear, the covariance function
is given as

Kg~r18 , r28 ! 5 Rg~r18 , r28 ! 2 ^ yg~r18 !&^ yg~r28 !&

5 @H1 f̄ #~r28 !d ~r18 2 r28 ! 1 @H2 f̄ #~r18 , r28 !

1 @H1KfH1
† #~r18 , r28 !. (B20)

APPENDIX C: COVARIANCE FUNCTION
DECOMPOSITION
If the stationary covariance function can be decomposed
into K(R) 5 ** d2rf(R 1 r)f(r)* , the Fourier transform
is a positive function defined as @F2K#(r) 5 iF(r)i ,
where F2 is the 2D Fourier-transform operator and F(r)
is the Fourier transform of f(R). The amplitude of the
Fourier transform of the decomposition function is the
square root of the Fourier transform of the covariance
function.

The covariance function is18

K~R1 2 R2!

5
NK

A
@Rb~R1 2 R2! 1 K̄Rs~R 2 1 2 R2!#,

(C1)

b~R, Ru! 5 b~R, f, Ru!

5 expH 2aRb

3
@Ly

2 cos2~u 1 f ! 1 Lx
2 sin2~u 1 f !#1/2

LxLy
J ,

(C2)

where b is the blob function, Rb is the autocorrelation
function of the blob averaged over all the orientations,

Rb~R1 2 R2! 5
1

2p
E

0

2p

duEE
A
d2Rb~R1 2 R, Ru!b

3 ~R2 2 R, Ru!, (C3)
and Rs is the autocorrelation function of Su averaged over
all the orientations, given by

Rs 5
1

2p
E

0

2p

duEE
A
d2RSu~R1 2 R, Ru!Su

3 ~R2 2 R, Ru!, (C4)

Su~R! 5 EE d2R8F~R8!b~R 2 R8, Ru!, (C5)

where Su is the convolution of the cluster PDF F and the
blob function, where the cluster PDF is the Gaussian with
the standard deviation sf . The constant N̄ is the mean
number of clusters within the field of view, K̄ is the mean
number of blobs per cluster, and A is the area of the field
of view.

The Fourier transform of Rb results in the absolute
squared Fourier transform of the blob function averaged
over all the orientations:

@F2Rb#~r! 5
1

2p
E

0

2p

dui@F2b#~r, u!i2. (C6)

The Fourier transform of Rs is similarly given as

@F2Rs#~r! 5
1

2p
E

0

2p

dui@F2Su#~r, u!i2, (C7)

and the Fourier transform of Su is the product of the Fou-
rier transform of the blob function and the Gaussian f:

@F2Su#~r, u! 5 exp~22p2sf
2 r2!@F2b#~r, u!. (C8)

The Fourier transform of the covariance function is given
as

@F2Kb#~r! 5
N̄K̄

A
@1 1 K̄

3 exp~24p2sf
2 r2!#

1

2p
E

0

2p

duiF2b~r, u!i2.

(C9)

The amplitude of the Fourier transform of the decomposi-
tion function is the square root of that of the covariance
function:

uF~r!u 5 H N̄K̄

A
@1 1 K̄ exp~24p2sf

2 r2!#J 1/2

3 @^iF2b~r, u!i2&u#1/2, (C10)

where ^iF2b(r, u)i2&u is the averaged absolute square of
the Fourier transform of the blob function.

The Fourier transform of the blob function can be sim-
plified as follows:
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@F2b#~r, u!

5 @F2b#~r, f 8, u!

5 E
0

`E
0

2p

drdfrb~r, f, u!

3 exp@2j2prr cos~f 8 2 f !#

5 E
0

`E
0

2p

drdfr

3 expH 2arb
@Ly

2 cos2~u 1 f ! 1 Lx
2 sin2~u 1 f !#1/2

LxLy
J

3 exp@2j2prr cos~f 8 2 f !#

5 E
0

`E
u

2p1u

drdfr

3 expH 2arb
@Ly

2 cos2~f ! 1 Lx
2 sin2~f !#1/2

LxLy
J

3 exp@2j2prr cos~f 8 1 u 2 f !#. (C11)

Because the spatial function to be transformed and the
Fourier-transform kernel are both periodic functions of
the variable f with 2p as one period, the integral over one
period is independent of the starting point of the integra-
tion interval. The interval in Eq. (C11) can be changed
into (0, 2p ):

@F2b#~r, f 8, u!

5 E
0

`E
0

2p

drdfr

3 expH 2arb
@Ly

2 cos2~f ! 1 Lx
2 sin2~f !#1/2

LxLy
J

3 exp@2j2prr cos~f 8 1 u 2 f !#

5 @F2b#~r, f 1 u, 0!. (C12)

The Fourier transform of the blob function is still a peri-
odic function of u with a period of 2p; thus

^iF2b~r, u!i2&u 5 ^iF2b~r, f 1 u, 0!i2&u

5 ^iF2b~r, u, 0!i2&u . (C13)

The absolute square of the transform averaged over all
the orientations is a radially symmetric function at last.
For a radially symmetric function, the inverse Fourier
transform is actually the Hankel transform, and the cor-
responding spatial function is a 2D real function. On the
basis of this fact, the phase of the Fourier transform of
the decomposition function is uniformly 0. The function
can be calculated by the inverse Fourier transform of the
amplitude given above:
f~R! 5 F2
21S H NK

A
@1

1 K̄ exp~24p2sf
2 r2!#J 1/2

@^iF2b~r, u, 0!i2&u#1/2D .

(C14)

The Fourier and inverse Fourier transform were per-
formed for this study by the fast-Fourier-transform algo-
rithm on a computer.
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