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Using Fisher information to approximate ideal-
observer performance on detection tasks

for lumpy-background images
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When building an imaging system for detection tasks in medical imaging, we need to evaluate how well the
system performs before we can optimize it. One way to do the evaluation is to calculate the performance of the
Bayesian ideal observer. The ideal-observer performance is often computationally expensive, and it is very use-
ful to have an approximation to it. We use a parameterized probability density function to represent the cor-
responding densities of data under the signal-absent and the signal-present hypotheses. We develop approxi-
mations to the ideal-observer detectability as a function of signal parameters involving the Fisher information
matrix, which is normally used in parameter estimation problems. The accuracy of the approximation is illus-
trated in analytical examples and lumpy-background simulations. We are able to predict the slope of the de-
tectability as a function of the signal parameter. This capability suggests that the Fisher information matrix
itself evaluated at the null parameter value can be used as the figure of merit in imaging system evaluation.
We are also able to provide a theoretical foundation for the connection between detection tasks and estimation
tasks. © 2006 Optical Society of America
OCIS codes: 110.2960, 110.3000, 110.4280.
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. INTRODUCTION
n medical imaging, two of the most important tasks are
ignal classification and signal estimation. Signal detec-
ion, such as finding tumors and looking for bone frac-
ures, belongs to the classification category. In this paper,
ur study focuses on signal detection because it is a very
mportant part of medical imaging. When building an im-
ging system for detection tasks, we need to evaluate how
ell the system performs before the system can be opti-
ized. One way to evaluate a system is to calculate the

erformance of the Bayesian ideal observer on a detection
ask. The Bayesian ideal observer uses all of the informa-
ion available to make decisions and is optimal by several
riteria,1 including the area under the receiver operating
haracteristic (ROC) curve (AUC). Because the ideal ob-
erver uses the raw data, its performance is not affected
y the reconstruction methods. Therefore it is very useful
n optimizing imaging system hardware. The AUC of an
deal observer is often not easy to compute, and it is quite
seful to have an approximation to it. There are two hy-
otheses to be considered in detection tasks, signal-
bsent and signal-present. In this paper, a single data
robability density function with a variable scalar or vec-
or parameter is used to represent the corresponding den-
ities under the two hypotheses. For example, consider
he probability density function of data vector g with a
arameter �, where � represents the intensity of the sig-
al. When �=0, pr�g ��� represents the conditional prob-
bility density function of g under the signal-absent hy-
othesis; when ��0, it represents the density function
nder the signal-present hypothesis. We derive approxi-
ations to the ideal-observer AUC by using the Fisher in-

ormation matrix and illustrate their accuracy in some ex-
1084-7529/06/102406-9/$15.00 © 2
mples. In the lumpy object simulation, the Fisher
nformation approach requires Markov chain Monte Carlo
MCMC) simulation only for images with one parameter
alue �0; then the detectability can be extrapolated, and a
ultitude of signal values can be extrapolated. On the

ther hand, the direct detectability estimation requires
CMC simulation at each signal value of interest. Bar-

ett and Clarkson,2,3 Hanson,4 and Moore et al.5 have
hown the close relationship between detection tasks and
stimation tasks. Müller et al.6 have shown some impor-
ant results on the maximum likelihood estimator. Since
he Fisher information matrix is often useful in signal es-
imation tasks, our approximations provide a firmer foun-
ation for the connection between the two tasks.
This study makes use of the concepts related to the

OC curve, the AUC, detectability, the likelihood-
enerating function, and Fisher information, which are
ntroduced in Section 2. In Section 3, we show that the
ikelihood-generating function and the ideal-observer
UC can be made dependent on a signal parameter. This
llows us to derive our primary result, an approximation
f the ideal-observer detectability that is explicitly depen-
ent on the Fisher information matrix. In Sections 4 and
, the accuracy of our approximation is illustrated in ana-
ytical examples and numerical simulations. In Section 6,
e present our conclusions.

. BACKGROUND
e represent the data set as an M�1 column vector g. In

ignal detection tasks, for each vector, we must decide be-
ween two hypotheses, signal-absent H0 and signal-
resent H , using a test statistic t. The test statistic maps
1

006 Optical Society of America
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he data vector to a real number. When t is greater than a
ertain threshold x, the decision is positive, or signal-
resent. Otherwise, the decision is negative, or signal-
bsent. The true positive fraction (TPF),1 which is the
raction of positive decisions while the signal is present in
he data, is defined as

TPF�x� = pr�t � x�H1� =�
x

�

pr�t�H1�dt. �2.1�

he false positive fraction (FPF) is defined similarly as

FPF�x� = pr�t � x�H0� =�
x

�

pr�t�H0�dt. �2.2�

he trade-off between TPF and FPF is controlled by the
hreshold x and can be illustrated by the ROC curve,
hich is a plot of TPF�x� versus FPF�x�. The curve starts
t (1,1) and ends at (0,0) as the threshold increases from
� to �. The AUC (Ref. 7) is defined as

AUC =�
0

1

TPF d�FPF� = −�
−�

�

dx TPF�x�
d

dx
FPF�x�.

�2.3�

n ideal observer uses the likelihood ratio given below as
he test statistic to maximize the AUC. The likelihood
atio1 is defined as

��g� =
pr�g�H1�

pr�g�H0�
. �2.4�

arrett and Clarkson1 derived an approximation of the
deal-observer AUC shown below:

AUC� �
1

2
+

1

2
erf�1

2
�2G�0�� , �2.5�

here

G��� =
ln	��+1/2
0

�� + 1/2��� − 1/2�
�2.6�

s called the likelihood-generating function. Clarkson and
arrett8 derived an exact integral equation for the ideal-
bserver AUC using moments of the likelihood ratio:

AUC� = 1 −
1

2�
�

0

�

	�1/2+i	
0	�1/2−i	
0

d	

	2 + 1/4
�2.7�

here 	·
0 represents the conditional mean under the
ignal-absent hypothesis. The conditional mean is calcu-
ated by averaging over the statistical noise realizations
n an ensemble of signal-absent images, including the
ackground variability. The detectability dA of the ob-
erver can also be used as the figure of merit. It is related
o the AUC by the formula

AUC� =
1

2
+

1

2
erf�1

2
dA� , �2.8�

nd it can be approximated by the likelihood-generating
unction as
dA � �2G�0�. �2.9�

quation (2.7), which is used to derive our approxima-
ions of the ideal-observer performance, shows the con-
ection between the ideal-observer AUC and the moments
f �.

When � is the parameter describing the signal, the
isher information matrix F= �Fij� as a function of �
valuated at �0 is used in our approximation, where �0
the null parameter) denotes the absence of a signal. The
ntries of the matrix are defined as

Fij��0� =� 1

pr2�g���

�pr�g���

��i

�pr�g���

��j
�

�0

.

he conditional mean 	·
�0
is computed by averaging over

n ensemble of noisy signal-absent data, and for a generic
unction f��� such a conditional mean is defined as

	f���
�0
=� f���pr�g��0�dg.

his definition is useful for deriving many equations in
his paper. In estimation theory, the Fisher information
atrix is used to calculate the lower bound of the vari-

nce of the uniformly minimum variance unbiased esti-
ator (UMVUE). This bound is inversely proportional to

he norm of the Fisher information matrix.

. APPROXIMATIONS TO THE IDEAL-
BSERVER PERFORMANCE
. Fisher Information Approximation
onsider the probability density function pr�g ��� with a
ariable parameter �. For example, � can represent the
ntensity or the size of the signal in the detection task.

hen �=�0 ,pr�g ��0� represents the probability density
unction under the signal-absent hypothesis. The likeli-
ood ratio for two different values of � is given by

���g� =
pr�g���

pr�g��0�
, �3.1�

nd the corresponding likelihood-generating function is
iven by

G���� =
ln	��

�+1/2
�0

�� + 1/2��� − 1/2�
�3.2�

herefore, by substituting Eq. (3.1) into Eq. (2.7), the
deal-observer AUC can be written as

AUC���� = 1 −
1

2�
�

0

�

	��
1/2+i	
�0

	��
1/2−i	
�0

d	

	2 + 1/4
.

�3.3�

Clarkson and Barrett8 derived the following equation,
hich relates the AUC and the detectability:
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AUC���� = 1 −
1

2�
�

0

�

exp
− �	2 +
1

4�dA
2 ���� d	

	2 + 1/4
.

�3.4�

o simplify the notation, we make the following substitu-
ions. Let 
���=dA

2 ��� and ���	�= 	��
1/2+i	
�0

	��
1/2−i	
�0

. By
aking these substitutions, the following integral equa-

ion is obtained from Eqs. (3.3) and (3.4):

�
0

��exp
− �	2 +
1

4�
���� − ���	�� d	

	2 + 1/4
= 0.

�3.5�

aking the first derivative of Eq. (3.5) gives

�

��i

��� = −

�
0

� �

��i
���	�

d	

	2 + 1/4

�
0

�

exp�− �	2 + 1/4�
����d	

. �3.6�

he derivative in the numerator of Eq. (3.6) can be ex-
anded as

�

��i
���	� = �1

2
+ i	�

���
�

−
1
2

+i	 1

pr�g��0�
 �pr�g���

��i
��

�0

	��
1/2−i	
�0

+ c . c . , �3.7�

here c.c. represents the corresponding complex conju-
ate term. When evaluated at �=�0, it becomes

� �

��i
���	��

�=�0

= �1

2
+ i	�

�� 1

pr�g��0��
 �pr�g���

��i
��

�0

�
�=�0

+ c . c.

= ��1

2
+ i	� �

��i
� pr�g���

pr�g��0��
�0

�
�=�0

+ c . c.

�3.8�

ote that the conditional mean in the second line of Eq.
3.8) equals unity regardless of the value of �. Therefore
he numerator of Eq. (3.6) equals zero when evaluated at
=�0. We also have 
�����=�0

=0 from its definition. As �
�0, the numerator of Eq. (3.6) approaches zero, while

he denominator increases without bound. These facts im-
ly that

� �

��i

����

�=�0

= 0. �3.9�

e expect the first derivatives of 
��� to be zero when
valuated at �0 because 
��� is nonnegative, and it
eaches its minimum value at �0. By taking two deriva-
ives of the first and the second term in the integrand of
q. (3.5), respectively, and evaluating the results at �
�0, the following two equations are derived:

�2

��i � �j
exp
− �	2 +

1

4�
������=�0

= − �	2 +
1

4� �2

��i � �j

����

�=�0

, �3.10�

� �2

��i � �j
���	��

�=�0

= − 2�	2 +
1

4�Fij��0�, �3.11�

here Fij is the �i , j� element of the Fisher information
atrix. The derivation of Eq. (3.11) is given in Appendix
. As �→�0, the integrand of Eq. (3.5) approaches a con-
tant as a function of 	. Since the right-hand side of Eq.
3.5) is always zero, the constant must be zero as well. As

result, we also derive the second derivative of 
���
valuated at �=�0:

� �2

��i � �j

����

�=�0

= 2Fij��0�. �3.12�

sing Taylor expansion, the previous results provide a
econd-order Fisher information approximation to the de-
ectability squared in terms of �−�0:

dA��� = ��� − �0�†F��0��� − �0� + ¯. �3.13�

sing similar arguments, we are able to derive the third
erivatives of 
���:

� �3

��i � �j � �k

����

�=�0

= 
 �Fjk���

��i
+

�Fik���

��j
+

�Fij���

��k
�

�=�0

,

�3.14�

rom which the third-order approximations to the detect-
bility squared are obtained. The derivation of Eq. (3.14)
s given in Appendix A. Unfortunately, we have been un-
ble to compute higher-order derivatives by using this ap-
roach. We also find that, by using an equivalent param-
terization of the signal, the approximation will not be
ffected. If ���� is used to parameterize the probability
ensity function instead of � and its Jacobian matrix is
onsingular at �0, our approximated detectability values
erived from these two parameterizations at correspond-
ng values �� and �� are the same. The proof is provided in
ppendix B.

. Approximating the G(0) Approximation
hen computing a higher-order approximation to the
UC, we note that G�0� takes the form of

G��0� = − 4 ln�	��
1/2
�0

�. �3.15�

y definition, G��0���=�0
=0. Since G��0� has the analytical

orm of Eq. (3.15), we are able to compute its derivatives
ith respect to �. With ���g���=�0

=1, the first derivative of
�0� is derived as follows:
�
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� �

��i
G��0��

�=�0

= − 2����
−1/2

���

��i
�

�0

	��
1/2
�0

�
�=�0

= − 2�� 1

pr�g��0�
 �pr�g���

��i
��

�0

�
�=�0

�
= − 2

�

��i
� pr�g���

pr�g��0��
�0

�
�=�0

= 0. �3.16�

imilarly, we are able to compute the higher-order deriva-
ives of G��0�, and these derivatives provide the terms in
Taylor expansion approximation of G��0�. Substituting

hese approximations into relation (2.9), we realize that
he approximation obtained from G��0� is the same as the
pproximation obtained by using the Fisher information
atrix up to the third order. The derivations of the

econd- and third-order approximations are given in Ap-
endix C. We are able to compute higher-order deriva-
ives of G��0� to approximate the ideal-observer AUC.

. Example
rom the probability density functions under the two hy-
otheses, H0 and H1, we can define a parameterized den-
ity function with a scalar parameter 
:

pr�g�
� =
pr
�g�H1�pr1−
�g�H0�

	�

0
=

�
�g�pr�g�H0�

	�

0
,

here pr�g �
�=pr�g �H1� when 
=1 and pr�g �
�
pr�g �H0� when 
=0. This family of densities appears in

nformation theory.9,10 The advantage of using this den-
ity is that it can interpolate between any two densities.
t does not require that pr�g �H0� and pr�g �H1� have the
ame functional form with a varying parameter. The
isher information matrix approximation method can be
pplied to this parameterized density. The Fisher infor-
ation matrix can be written as

�F�0� =� �

�

�ln pr�g�
��

�

�

�ln pr�g�
���

0
�


=0

,

�

�

�ln pr�g�
�� = ln ��g� −

1

	�

0
� �

�

e�ln ��
�

0

=ln ��g� −
1

	�

0
	�
 ln �
0

=ln ��g� −� �


	�

0
pr�g�H0�ln � dg

=��g� − 	�



=s�g�.

he notation 	·

 represents the conditional mean over the
ensity pr�g �
�, � is the log-likelihood ratio given by �
ln �, and s�g� is the score. The Fisher information ma-
rix of the parameterized density function becomes

F�0� = 	s2
0 = var0 �.

his gives us a second-order approximation of detectabil-
ty:

dA = �var0 � + ¯. �3.17�

he third-order approximation can be computed similarly,
nd its formulation is given by

dA =�var0 � +
1

2
	s3
0 + ¯, �3.18�

detailed derivation is shown in Appendix D.

. ANALYTICAL EXAMPLE
ere we are able to compare analytically the approxima-

ions using methods derived in this paper with the exact

ig. 1. (Color online) Exact detectability and approximations to
etectability for Poisson noise. The horizontal axis is the signal
trength Ms, and the vertical axis is the detectability. When the
ignal strength is 1 in (a), from top to bottom, we have the Fisher
nformation approximation given by Eq. (3.13), the fourth-order

��0� approximation, the exact value of the detectability, and the
hird-order approximation using Eqs. (3.13) and (3.14). When the
ignal strength is 1 in (b), from top to bottom, we have the exact
alue of the detectability, the second-order pr�g �
� approximation
iven by Eq. (3.17), and the third-order pr�g �
� approximation
iven by Eq. (3.18).
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UC values for some distributions. One example is Pois-
on statistics, which are often used when the number of
hotons collected by the imaging system is relatively
mall. When there is no signal present, the conditional
robability of the data is given by

pr�g�H0� = �
m=1

M exp�gm log�bm� − bm�

gm!
. �4.1�

he signal changes the mean data vector from b to b+s.
e assume that both b and s are positive vectors and that

he values of both vectors are known. In the special case
here b1=b2= ¯ =bM=b, s1=s2= ¯ =sM=s, and the back-
round intensity Mb is fixed at Mb=1, we apply the ap-
roximation methods using Ms as the signal parameter.
e compare the approximations with the exact value of
UC given by Clarkson and Barrett.8 The result is shown

n Fig. 1, and other analytical results have been pre-
ented by Shen and Clarkson.11 As shown in this example,
he second-order approximations correctly capture the
lope of the detectability at �=0 and the third-order ap-
roximations follow the curvature of the detectability
ore closely. The fourth-order G��0� approximations do
ot provide more accurate results when compared with

ower-order approximations because they do not approxi-
ate the true value of the detectability directly. Instead,

ig. 2. Lumpy model objects and their noisy image realization
hown in (a) and (b), respectively; their noisy realizations are sh
hese objects are random.
hey are approximations of the right-hand side of relation
2.9).

. SIMULATIONS
t is very important to be able to approximate the perfor-
ance of the ideal observer for more realistic images.
herefore, in our simulation study, we adopt the lumpy
bject model to test our methods. A lumpy background
as N Gaussian lumps randomly distributed in the field
f view, where N is a Poisson-distributed number with
ean N̄. We use 64�64 images with N̄=25 in our simu-

ations. Various types of noise can be introduced. In this
aper, we choose Poisson noise. The imaging model can be
xpressed by using the following formula:

ḡm = �
n=1

N �
�

hm�r�L�r − cn�dr. �5.1�

he function hm�r�, which is a Gaussian function, repre-
ents the point-spread function of a linear imaging sys-
em for the mth pixel in the image. Within one imaging
ystem, the height and width of hm�r� can vary among dif-
erent pixels to characterize an imaging system’s noise
evel and resolution at different locations. Two different
ets of h �r� can represent two imaging systems, respec-

nal-absent lumpy object and a signal-present lumpy object are
n (c) and (d), respectively. The number and location of lumps in
s. A sig
own i
m
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ively. In our simulation, the shapes of the Gaussian func-
ions are the same for all pixels. The function L�r� is also
aussian, whose width and height describe the size and
rightness of the lumps. The vector cn is the position of
he nth lump in the background. To generate signal-
resent images, we add a signal lump at the center of the
umpy background. The lumpy object model is a
ackground-known-statistically (BKS) and signal-known-
xactly model. Figure 2 shows a signal-absent lumpy ob-
ect (upper left) and a signal-present object (upper right)
ith a relatively small lump representing the signal. Two

orresponding noisy realizations of the image data of the
bjects are shown in the lower row. The bright signal is
sed for illustration purposes only. In our simulations,
he signal is much weaker, and it would be extremely dif-
cult for human observers to detect the signal. Figure 3
hows the single point histogram distribution from a
umpy object model, which is not able to be fitted by a
aussian model.
Kupinski et al. have developed Markov chain Monte

arlo (MCMC) algorithms to compute the ideal-observer
etectability12 and to compute the Fisher information.13

e simulate the likelihood ratio for each image by gener-
ting a long chain of objects for which we know the back-
round parameters, such as the locations of the back-
round lumps. We compute the BKE likelihoods (the
ikelihoods of obtaining the image data from each of the
bjects in the chain). The only randomness in the BKE
ikelihoods is the Poisson noise in our simulation. The
ikelihood of each object’s image data is computed by av-
raging the BKE likelihoods over the chain. The Fisher
nformation is simulated in a similar manner. Note that,
or the approximation, we need to simulate the Fisher in-
ormation matrix only at �=�0 to obtain the approxima-
ion for any �. First, we consider a signal with fixed size
ut varying magnitude represented by �, where �0=0. We
lso consider the case where the magnitude of the signal
s fixed. The varying signal parameter (the relative size)
s defined by

� =
signal lumps full width at half-magnitude

background lumps full width at half-magnitude
,

nd �0=1. In both cases, since the parameter is a scalar,
he Fisher information also becomes a scalar.

ig. 3. (Color online) Single point histogram of the lumpy
bjects.
The ideal-observer detectabilities and their Fisher in-
ormation approximations provided by Eq. (3.13) are
hown in Figs. 4 and 5. In Fig. 4, the detectability in-
reases as the signal amplitude is increased. In Fig. 5, the
ignal is not distinguishable when the signal size equals
he background lump size. As the signal size is reduced, it
radually differs from the background lumps. Therefore
he detectability increases as the relative size of the sig-
al decreases. Note that the vertical scales in Figs. 4 and
are different. We also studied the case where the signal

ize is greater than the background lump size (not
hown). As expected, both the detectability and the value
f its Fisher information approximation increased as the
elative size of the signal increased. As shown in these fig-
res, the second-order Fisher information approximation

ies close to the detectability when the signal is weak.
hese are the situations when the human observers and

he ideal observers perform poorly, and we need to im-
rove the imaging system to have better performance
rom both observers. When ���0, which means that the
ignal is strong, human observers perform very well, and
he ideal observer’s performance is nearly perfect (AUC

ig. 4. (Color online) Illustration of the second-order Fisher in-
ormation approximation of the detectability for lumpy-
ackground images. The parameter considered here is the ampli-
ude of the signal. The simulated ideal-observer detectability is
nfinite when the signal amplitude equals 0.3 and therefore is not
hown in the figure.

ig. 5. (Color online) Illustration of the second-order Fisher in-
ormation approximation of the detectability for lumpy-
ackground images. The parameter considered here is the size of
he signal.
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1). Even without an accurate approximation, we are
till able to predict the ideal-observer performance. The
oint at which our approximation starts to diverge from
he detectability depends on the magnitude of the third-
rder term, for which we do not yet have a bound.

. CONCLUSIONS
hrough both the analytical examples and the numerical
imulations, we can see that the second-order Fisher in-
ormation approximation correctly captures the slope of
he ideal-observer detectability. When the third-order ap-
roximations have reasonable values (for example, al-
ays positive), they follow the curvature of the detectabil-

ty more closely than do the second-order approximations
f the same method. The fourth-order approximations
rom G��0� do not necessarily give a better approximation,
ven though they are of higher order. For the examples
onsidered so far, we can see that the approximations
rom the Fisher information matrix generally agree most
losely with the exact calculation of detection perfor-
ance. To obtain a better approximation, one may con-

ider computing the higher-order derivatives of the func-
ion 
���.
Since we can approximate the ideal-observer detect-
bility at any signal strength by using the Fisher infor-
ation matrix evaluated at the null value �0, we suggest

hat the Fisher information matrix at this specific value
an be used as a figure of merit of the imaging system.
he advantage of this figure of merit is that it is indepen-
ent of the strength of the signal. Our approximation also
rovides theoretical proof of the connection between the
etection tasks and the corresponding estimation tasks.
he Fisher information appears in the lower bound of the
ariance of the uniformly minimum variance unbiased es-
imator (UMVUE). For this particular estimator, as the
orm of the Fisher information matrix increases, the

ower bound of the variance decreases, and the mean
quare error becomes smaller. Meanwhile, in signal-
etection tasks, how fast the detectability grows as a
unction of the signal strength depends on the norm of the
isher information matrix. When we improve an imaging
ystem by obtaining a Fisher information matrix with
reater norm, we increase the ideal-observer performance
or a detection task and, at the same time, we also de-
rease the variance of the UMVUE for the corresponding
stimation task. We can optimize an imaging system for
oth tasks by constructing it in such a way that the great-
st amount of Fisher information is obtained.
PPENDIX A: DERIVATION OF THE SECOND AND THIRD DERIVATIVES OF �„�…

he second derivative of the ���	� is derived as
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he third derivative of 
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PPENDIX B: FISHER INFORMATION
PPROXIMATION USING DIFFERENT
EPRESENTATIONS OF THE SIGNAL
ARAMETER
he Fisher information approximation can be written as

d�†F��0�d� = d�†	�� ln pr�g����� ln pr�g���†
�0
d�.

onsider an equivalent signal parameterization �, which
s a function of � with a nonsingular Jacobian matrix J at
0, where

Jij = ��i/��j.

ollowing the Jacobian matrix, we are able to obtain the
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hese two transformations are sufficient to prove the fol-
owing equation:

d�†�� ln pr�g������ = �Jd��†�J†�−1�� ln pr�g���

= d�†�� ln pr�g���,

hich leads to the equivalence of the Fisher information
pproximation using different parameterizations:

d�†F��0�d� = d�†F��0�d�.

PPENDIX C: DERIVATIVES OF G�„0…

he second derivative of G��0� is derived as
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PPENDIX D: DERIVATIVES OF THE
HIRD-ORDER APPROXIMATION FOR A
ARAMETERIZED DENSITY FUNCTION
R„G ��…

ollowing Eq. (3.14), the third derivative of the detect-
bility squared as a function of 
 can be written as
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hen evaluated at 
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Fangfang Shen and Eric Clarkson may be reached by
-mail at, respectively, fang@math.arizona.edu and
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